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Abstract

This paper develops a robust and efficient method for policy learning from observational data
in the presence of unobserved confounding, complementing existing instrumental variable (IV)
based approaches. We employ the marginal sensitivity model (MSM) to relax the commonly used
yet restrictive unconfoundedness assumption by introducing a sensitivity parameter that captures
the extent of selection bias induced by unobserved confounders. Building on this framework, we
consider two distributionally robust welfare criteria, defined as the worst-case welfare and policy
improvement functions, evaluated over an uncertainty set of counterfactual distributions charac-
terized by the MSM. Closed-form expressions for both welfare criteria are derived. Leveraging
these identification results, we construct doubly robust scores and estimate the robust policies by
maximizing the proposed criteria. Our approach accommodates flexible machine learning meth-
ods for estimating nuisance components, even when these converge at moderately slow rate. We
establish asymptotic regret bounds for the resulting policies, providing a robust guarantee against
the most adversarial confounding scenario. The proposed method is evaluated through extensive
simulation studies and empirical applications to the JTPA study and Head Start program.
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1 Introduction
Policy targeting, allocating interventions based on individual characteristics, has become increas-
ingly influential in applied economics and econometrics. For example, a local government may
need to decide which workers receive job training, a school district may identify students most in
need of educational support, and a regulatory agency has to determine which workplaces warrant
safety inspections.

Policymakers often rely on observational data to guide targeting decisions. However, unobserved
confounding, unobserved factors that simultaneously affect both treatment and potential outcomes,
can severely bias causal inference from such data. Ignoring these confounders can result in mislead-
ing estimates and suboptimal policy decisions. For example, Johnson et al. (2023) note that safety
inspections tend to target workplaces with a history of accidents or informal complaints, events that
may reflect unobserved traits, such as poor safety culture or weak management, which also affect
injury risk. Given the potentially large benefits of well-targeted inspections,1designing targeting
without accounting for unobserved confounding may misidentify high-risk workplaces, leading to
the inefficient use of limited regulatory resources. Similar challenges arise in education, where
observational data guide targeting decisions for specific academic programs. However, actual en-
rollment often hinges on parental choice, which is based on factors inaccessible to policymakers,
such as a child’s latent abilities, behavioral traits, or home environment. This self-selection process
based on unobserved characteristics complicates the design of effective targeting policies.

Many existing policy learning (or targeting) methods using observational data assume no unob-
served confounding, that is, treatment assignment is random conditional on the observed covariates;
see (Kitagawa and Tetenov, 2018; Athey and Wager, 2021). This assumption, commonly referred to
as unconfoundedness, is often unreasonable, as historical policies or decisions may have been based
on additional, unobserved information. When this assumption breaks down, researchers often turn
to instrumental variable (IV) methods, which enable causal inference and policy targeting; see (Cui
and Tchetgen Tchetgen, 2021; Qiu et al., 2021; Sasaki and Ura, 2024). Yet in practice, identifying
a valid and credible instrument is often challenging. Moreover, even with a valid binary instrument,
heterogeneous treatment effects are typically only partially identified, thereby limiting the ability to
effectively target interventions.

As a supplement to IV methods, sensitivity analysis is used to assess the impact of unobserved
confounding on policy effects, as originally proposed by Rosenbaum and Rubin (1983). Building on
this idea, Kallus and Zhou (2021) incorporate sensitivity analysis into policy learning. Leveraging
the marginal sensitivity model (MSM) of Tan (2006), they relax the unconfoundedness assumption
and formulate a robust optimization framework to learn policies that remain effective under unob-
served confounding. Specifically, building on the framework proposed by Zhao et al. (2019), they
construct the objective function as the largest IPW estimator of expected welfare, where the puta-
tive propensity scores are restricted by the MSM. While the method offers robustness to unobserved
confounding, it is not without limitations. First, as shown by Dorn and Guo (2023), it may yield
overly conservative estimates of the upper bounds on expected welfare. Second, the method requires
propensity scores to be estimated at the parametric rate, which precludes the use of many popular
machine learning methods, such as random forests and LASSO. Third, the policy optimization algo-
rithm is tailored to differentiable parametric policy classes and relies on a computationally intensive
iterative routine.

1Workplace injuries and illnesses place a significant economic burden on the United States, with annual social costs
estimated at $250 billion (Leigh, 2011).
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1.1 Main Contributions

This work proposes a method for policy learning that is robust to unobserved confounding, serving
as a complement to existing IV-based approaches. Building on the MSM framework, we construct
a distributionally robust welfare criterion that captures the worst-case policy value over a plausible
set of counterfactual outcome distributions. Based on this criterion, we develop a two-stage policy
learning procedure: the first stage estimates nuisance components using flexible nonparametric or
modern ML methods; the second stage optimizes the estimated criterion over a constrained policy
class. The resulting procedure is both computationally efficient and straightforward to implement.

In Section 3, building on Dorn and Guo (2023) and Dorn et al. (2025), we derive closed-form
expressions for the worst-case (i.e., sharp lower bounds of) average welfare and welfare improve-
ment2 compatible with the MSM. Given the identification of these two robust criteria/objectives
using moment conditions, we can construct the doubly robust estimation of them, even when the
nuisance components are estimated at moderately slow rate, i.e., oP(n−1/4).

Section 4 presents algorithms for learning optimal confounding-robust policies, where the pol-
icy class may be constrained by practical considerations such as implementability, cost, and inter-
pretability. Our method follows the mainstream two-stage paradigm of Athey and Wager (2021);
Zhou et al. (2023). Unlike Kallus and Zhou (2021), our second-stage policy optimization supports
standard machine learning methods and readily available software packages, such as logistic regres-
sion, policy trees, and neural networks, to learn the optimal policy by maximizing the estimated
criterion. For example, given the doubly robust scores, our method can be implemented using the
widely adopted R-package policytree (Sverdrup et al., 2020). Moreover, Section 4 provides
asymptotic upper regret bounds as performance guarantees for our estimated confounding-robust
policies.

We validate our method via simulations in Section 5, comparing it to Kallus and Zhou (2021)
and the empirical welfare maximization (EWM) of Athey and Wager (2021). We then demonstrate
its practical relevance in Section 6 by applying it to two classic empirical settings where unobserved
confounding is a primary concern, focusing on the contrast with the EWM.

Our applications suggest that ignoring such confounding may lead to misguided policy recom-
mendations. First, in the National Job Training Partnership Act (JTPA) study, our method refines
the naive EWM policy of treating nearly all participants, instead identifying more selective policies
that target subgroups with higher education but lower prior earnings as concerns for unobserved
confounding grow. In our Head Start application, the EWM policy assigns a mere 1.23% of slots
to healthier, higher-income children. In contrast, our robust method prioritizes disadvantaged chil-
dren with lower family income and maternal education, aligning with the program’s mission. These
findings demonstrate that accounting for unobserved confounding can fundamentally alter policy
targeting, highlighting the importance of robust methods in practice.

1.2 Related Literature

Our work contributes to the growing literature on policy learning. Many policy learning works focus
on mean-optimal policies under unconfoundedness (Kitagawa and Tetenov, 2018; Athey and Wager,
2021; Zhou et al., 2023). Alternative objectives under the same assumption have also been explored,
including quantile-optimal policies (Wang et al., 2018; Leqi and Kennedy, 2021) as well as those
motivated by fairness (Kitagawa and Tetenov, 2021; Fang et al., 2023; Viviano and Bradic, 2024;
Fan et al., 2025).

To address unobserved confounding, several studies have proposed IV-based approaches for pol-
icy targeting. To avoid partial identification of the welfare function, Sasaki and Ura (2024) assume

2These are commonly used objective functions in policy learning, which are formally defined in Section 2.2.
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the availability of a continuous instrument with sufficiently large support and identify the average
welfare via the marginal treatment effect (MTE). A similar approach has been applied to the design
of optimal encouragement rules under endogeneity; see (Chen and Xie, 2022; Liu, 2022). In the
statistics literature, other works investigate optimal treatment rules or encouragement interventions
using binary instruments; see (Cui and Tchetgen Tchetgen, 2021; Qiu et al., 2021). However, these
methods rely on quite stringent assumptions for a valid IV to point identify the conditional average
treatment effect (CATE).

Binary instruments, though widely used, typically allow identification only of the local average
treatment effect (LATE) for the subpopulation of compliers; see (Imbens and Angrist, 1994; An-
grist et al., 1996; Athey and Imbens, 2017). This presents major challenges for policy learning: the
resulting policy intervention is effective only for compliers, a subpopulation that cannot be iden-
tified in advance in a new sample, thus limiting external validity. Moreover, compliance status is
instrument-dependent, leading to instability and lack of generalizability across different IV designs.
To address this issue, Pu and Zhang (2021) and d’Adamo (2021), propose methods for binary IV set-
tings that partially identify heterogeneous treatment effects, learning robust policies by optimizing
policy criteria constructed from IV-identified bounds on the CATE.

A related line of work studies distributionally robust policy learning, where uncertainty sets,
often defined via Wasserstein distance or Kullback–Leibler divergence, are used to estimate policies
that maximize worst-case expected outcomes (Adjaho and Christensen, 2022; Si et al., 2023; Qi
et al., 2023). However, these approaches are often overly conservative and lack interpretability,
as they do not explicitly model the source of distributional shift. Lei et al. (2023) address external
validity under sample selection bias but do not explicitly account for latent confounding in treatment
assignment. Finally, our work also connects to the growing literature on sensitivity analysis, which
investigates how violations of unconfoundedness affect causal identification and inference; see (Tan,
2006; Masten and Poirier, 2018; Zhao et al., 2019; Rambachan et al., 2022; Dorn and Guo, 2023;
Dorn et al., 2025; Masten et al., 2025).

2 Problem Statement and Preliminaries
We consider observational data consisting of random samples {Zi}n

i=1 = {Xi, Yi, Ai}n
i=1, where

Xi ∈ X ⊆ Rd represents the observed covariates, Ai ∈ {0, 1} denotes a binary intervention/treat-
ment, and Yi ∈ R is the real-valued observed outcome. Within the Neyman-Rubin potential out-
comes framework, let Yi(0) and Yi(1) denote the potential outcomes under control (Ai = 0) and
treatment (Ai = 1), respectively. The observed outcome satisfies Yi = Yi(Ai). Throughout this
work, we interpret Yi as a measure of welfare or utility, where higher values correspond to more
desirable outcomes.

Our objective is to use the observational data {Zi}n
i=1 to guide personalized policy interventions

in settings where unobserved confounding may be present.

Example 1 (Workplace Inspections). Let Ai indicate whether establishment i is assigned to inspec-
tion. Let Yi(1) and Yi(0) denote the (negative) number of injuries establishment i would experience
under inspection and no inspection, respectively. To improve workplace safety and health, the reg-
ulator allocates inspections based on establishment characteristics Xi, including historical serious
injury counts, number of employees, and total working hours.

Example 2 (Head Start Enrollment). Let Ai indicate whether child i is enrolled in the Head Start
program. Let Yi(1) and Yi(0) denote academic outcomes under enrollment and non-enrollment
(e.g., test scores or school readiness). To improve early childhood development, the policymaker
allocates slots based on characteristics Xi, including household income, parental education, and
number of siblings.
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2.1 The Marginal Sensitivity Model

Our analysis builds on the marginal sensitivity model (MSM) introduced by Tan (2006) to control
the selection bias caused by unobserved confounders. This model relaxes the unconfoundedness
assumption by allowing for unobserved confounders U ∈ Rk, where k ∈ N+ is unknown. Here,
we assume that U is a vector but have no prior knowledge of its dimension or other characteristics.
We denote Po as the true distribution of O ≡ (X, Y(1), Y(0), A, U). The true propensity score is
given by eo(x, u) = PPo [A = 1|X = x, U = u], which accounts for both observed covariates and
unobserved confounders. In contrast, the nominal propensity score, defined as e(x) = PPo [A =
1|X = x]. In the MSM, unobserved confounders are assumed to have a bounded influence on
the odds of treatment assignment, restricting the extent of selection bias introduced by unobserved
confounders.

We now present the formal specification of the MSM, a widely used framework for sensitiv-
ity analysis in the causal inference literature (see, e.g., Zhao et al. (2019); Dorn and Guo (2023);
Oprescu et al. (2023); Dorn et al. (2025)).

Assumption 2.1 (Marginal Sensitivity Model). Suppose there exists a vector of unobserved con-
founders U ∈ Rk such that

(Y(1), Y(0)) |= A | (X, U) .

The distribution of O ≡ (X, Y(1), Y(0), A, U) satisfies the selection bias condition with 1 ≤ Λ <
∞ if the following inequality holds Po-almost surely,

1
Λ

≤ eo(x, u)/ (1 − eo(x, u))
e(x)/ (1 − e(x))

≤ Λ. (2.1)

Remark 2.1. In Example 1, the latent variable U may capture administrative information observed
by regulators but unavailable to researchers, such as informal complaints, internal risk assessments,
or discretionary targeting based on prior interactions. Similarly, in Example 2, U may reflect un-
observed characteristics of the child and family, including aspects of socioeconomic background,
parental preferences, and investments in early human capital.

In practice, the sensitivity parameter Λ in Assumption 2.1 is selected by policymakers based
on their prior beliefs regarding the extent of unobserved confounding and the resulting selection
bias. Implicitly, it is assumed that policymakers choose Λ such that Assumption 2.1 is satisfied.
The special case of Λ = 1 corresponds to the unconfoundedness, also known as the selection-on-
observables assumption. Higher values of Λ impose fewer restrictions on the degree of unobserved
confounding, allowing for greater potential selection bias. Calibration methods can be used to select
the sensitivity parameter; see Hsu and Small (2013).

2.2 Policy Learning under the MSM

In this subsection, we provide a brief review of policy learning under the assumption of unconfound-
edness (Λ = 1). We then explore how to learn a robust policy when this assumption is violated,
within the framework of the marginal sensitivity model. Throughout the rest of this work, we fix the
sensitivity parameter Λ ≥ 1.

A possibly randomized policy π maps covariates x ∈ X to treatment assignment probabilities,
with π(x) denoting the probability of receiving treatment A = 1. The policymaker can pre-specify
a policy class Π, defined as a collection of Borel measurable functions mapping from X to [0, 1].
This class typically incorporates application-specific constraints, including budgetary limitations,
structural assumptions, and fairness requirements; see Section 4.2 for concrete examples.

We begin by recalling the framework of policy learning under the unconfoundedness assumption.
Given a predefined policy class Π, the mean-optimal policy learning aims to identify a policy that
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maximizes the expected outcome:

π⋆ ∈ argmax
π∈Π

E [Y (π (X))] , (2.2)

where Y (π (X)) = π(X)Y(1) + (1 − π(X))Y(0). For simplicity, let W1 : π 7→ E [Y (π(X))]
denote the expected welfare function. Moreover, the regret of deploying a policy π ∈ Π is defined
as

Reg(π) = sup
π′∈Π

E[Y(π′(X))]− E[Y(π(X))]. (2.3)

It is evident that a policy maximizing W1(π) simultaneously minimizes the regret given in Eq. (2.3).
A central objective in policy learning is policy evaluation, that is, identifying and estimating the

criterion function. Once an estimate of W1(·) is available, the optimal policy can be estimated by
maximizing the estimated welfare over the policy class. Unconfoundedness (i.e., Λ = 1) is a widely
adopted assumption for identifying the expected welfare function; see Kitagawa and Tetenov (2018);
Athey and Wager (2021); Zhou et al. (2023). Under this assumption, various methods such as inverse
probability weighting (IPW) can be employed to identify and estimate W1(π). In particular, the
expected welfare function can be expressed as

W1(π) = E[Y(0)] + E[τ(X)π(X)] (2.4)

= E

[
YAπ(X)

e(X)
+

Y(1 − A)(1 − π(X))

1 − e(X)

]
, (2.5)

where e(x) is the nominal propensity score, and τ(x) = E[Y(1)−Y(0) | X = x] is the conditional
average treatment effect (CATE). When Λ = 1, the outcome regression, nominal propensity score,
and CATE are all identifiable.

When unconfoundedness fails (i.e., Λ > 1), the expected welfare W1(π) becomes unidentifi-
able, and policies based on Eq. (2.4) or Eq. (2.5) lack reliable guarantees. As a result, W1(π) is not
a suitable criterion for policy learning in the presence of unobserved confounding.

We adopt a distributionally robust optimization (DRO) framework for policy learning, replacing
W1(π) with its worst-case counterpart over distributions consistent with MSM specified in Assump-
tion 2.1. Within this framework, we construct two welfare criteria that are both robust to unobserved
confounding and identifiable, and derive the policy by optimizing one of them.

To implement the DRO, we first characterize the distributional uncertainty set over the counter-
factual distribution of (Y(1), Y(0), X, U, A) subject to the constraints imposed by Assumption 2.1.
Formally, let P(Λ) denote the set of all probability distributions Q on R2 × X × {0, 1} × Rk

satisfying the following conditions:

(1) If (X, Y(0), Y(1), A, U) ∼ Q, then (Y(0), Y(1)) |= A | (X, U) under Q;

(2) If Y = AY(1) + (1 − A)Y(0), then the distribution of (X, Y, A) under Q is identical to the
observed-data distribution P;

(3) The odds ratio between the true propensity score and the nominal propensity score lies in
[1/Λ, Λ], i.e.,

1
Λ

≤ P(A = 1|X, U)/P(A = 0|X, U)

P(A = 1|X)/P(A = 0|X)
≤ Λ, Q-a.s.

We now present two complementary policy learning methods that are robust to unobserved con-
founding under the MSM framework. Our first approach is the max-min expected welfare method.

6



Specifically, the worst-case welfare function WΛ : Π → R is defined as

WΛ(π) = inf
Q∈P(Λ)

EQ [Y(π(X))] .

The corresponding max-min welfare (MMW) policy is given by

πW,Λ ≡ πW(·; Λ) ∈ argmax
π∈Π

WΛ(π). (2.6)

Under the worst-case welfare function WΛ, we define the confounding-robust welfare regret (CRW-
regret) of a policy π ∈ Π, relative to the best possible policy in Π, as

RegW(π) = sup
π′∈Π

WΛ(π
′)− WΛ(π). (2.7)

The second approach builds on the conditional average treatment effect (CATE). When Λ = 1,
unconfoundedness holds and, the policy learning problem reduces to maximizing the policy im-
provement function E[τ(X)π(X)]. To handle the more general case with Λ ≥ 1, we extend this
objective to the worst-case policy improvement function ∆Λ : Π → R, defined as

∆Λ(π) = inf
Q∈P(Λ)

EQ [π(X)(Y(1)− Y(0))] .

The corresponding max-min improvement (MMI) policy is given by

π∆,Λ ≡ π∆(·; Λ) ∈ argmax
π∈Π

∆Λ(π). (2.8)

Under the criterion ∆Λ, we define the confounding-robust policy improvement regret (CRI-regret)
of a policy π ∈ Π, relative to the best possible policy in Π, as

Reg∆(π) = sup
π′∈Π

∆Λ(π
′)− ∆Λ(π). (2.9)

The quantity ∆Λ(π) = infQ∈P(Λ) EQ [Y(π(X))− Y(0)] represents the worst-case welfare
gain of policy π relative to the baseline policy π0(x) = 0. As a result, this approach can be readily
generalized to the policy improvement of π against any given baseline policy π0, with the optimal
policy obtained by:

max
π∈Π

inf
Q∈P(Λ)

EQ [Y(π(X))− Y (π0(X))] . (2.10)

Remark 2.2. When Λ = 1, the MMW policy in Eq. (2.8) coincides with the MMI policy in
Eq. (2.6). However, in the presence of unobserved confounding (i.e. Λ > 1), the two policies
may differ. A detailed discussion of the differences between these policies is deferred to Section 3.

3 Identification
Within our framework, learning a confounding-robust policy requires identifying and estimating ei-
ther the worst-case welfare function WΛ(π) or the worst-case policy improvement function ∆Λ(π).
In this section, we formally characterize these criterion functions by leveraging partial identification
results for conditional means and CATE under the MSM. We then develop doubly robust/orthogonal
moment functions for identifying WΛ(π) and ∆Λ(π), which enable the construction of efficient
estimators.
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For notational simplicity, we define two quantile functions q±Λ(x, a) as

q+Λ(x, a) = inf
{

q : F(q|x, a) ≥ Λ
1 + Λ

}
,

q−Λ(x, a) = inf
{

q : F(q|x, a) ≥ 1
1 + Λ

}
,

where F(·|x, a) denotes the CDF of Y given X = x and A = a. Moreover, let ea(x) = P(A =
a|X = x) for a ∈ {0, 1}, so that e1(x) = e(x) and e0(x) = 1 − e(x).

3.1 Identification of Robust Criteria

In this subsection, we identify and characterize the robust criterion functions WΛ(π) and ∆Λ(π).
Additionally, we derive the first-best policies optimized under these robust criteria. Let Πo denote
the set of all measurable policies:

Πo = {π : X → [0, 1] : π is Borel measurable} .

A first-best policy refers to a policy that maximizes the criterion function over the unrestricted policy
class Πo.

We begin by identifying the worst-case welfare WΛ(π). When Λ > 1, the true conditional mean
function µo(x, a) = EPo [Y(a)|X = x] is no longer point identified due to unobserved confounding.
Instead, we characterize the sharp bounds for µo(x, a) using Proposition A.1 in Appendix A, which
also implies a sharp lower bound for the true welfare function EPo [Y(π)]. Specifically, the proposi-
tion provides closed-form expressions for the upper and lower bounds, denoted µ±

Λ(x, a), which are
given by

µ±
Λ(x, a) = E

[
Y1{A = a}

[
1 +

1 − ea(X)

ea(X)
Λ±sgn(Y−q±Λ(X,a))

] ∣∣∣X = x
]

,

where sgn(t) = 1 if t ≥ 0 and −1 otherwise.

Theorem 3.1. Under Assumption 2.1, for any policy π ∈ Π, we have

WΛ(π) = inf
Q∈P(Λ)

EQ [Y(π(X))] = E
[
µ−

Λ(X, 1)π(X) + µ−
Λ(X, 0) (1 − π(X))

]
.

Moreover, a first-best MMW policy that solves Eq. (2.6) with Π = Πo is given by

π⋆
W,Λ(x) = 1

{
µ−

Λ(x, 1)− µ−
Λ(x, 0) > 0

}
.

The identification of ∆Λ(π) is established in Theorem 3.2, which follows as a corollary of
Proposition A.2. To formalize the result, define τ−

Λ (x) = µ−
Λ(x, 1)− µ+

Λ(x, 0).

Theorem 3.2. Under Assumption 2.1, for any policy π ∈ Π, we have

∆Λ(π) = inf
Q∈P(Λ)

EQ [(Y(1)− Y(0))π(X)] = E
[
τ−

Λ (X)π(X)
]

.

Moreover, a first-best MMI policy that solves Eq. (2.8) with Π = Πo is given by

π⋆
∆,Λ(x) = 1{τ−

Λ (x) > 0} = 1
{

µ−
Λ(x, 1)− µ+

Λ(x, 0) > 0
}

.

Theorem 3.1 characterizes the first-best MMW policy π⋆
W,Λ(x), which assigns treatment by

8



comparing the lower bounds µ−
Λ(x, 1) and µ−

Λ(x, 0). In contrast, Theorem 3.2 shows that the first-
best MMI policy π⋆

∆,Λ(x) assigns treatment by comparing µ−
Λ(x, 1) with the upper bound µ+

Λ(x, 0).
As a result, the MMI policy is more conservative: it treats only when the worst-case treated outcome
exceeds the best-case control outcome. In the context of workplace inspections, the MMI policy
π⋆

∆,Λ(x) is particularly suitable when regulatory resources are severely limited. Conversely, when
resources are abundant, the more expansive MMW policy may be preferable.

We conclude this subsection by comparing our first-best MMW and MMI policies with the Bayes
decision rule (referred to as a policy in our framework) of Pu and Zhang (2021), hereafter referred
to as PZ-policy.

Remark 3.1. The first best MMW policy can also be interpreted through a CATE-based approach, as
it assigns treatment by comparing the worst-case potential outcomes. Since this rule is confined to a
comparison of identified lower bounds, it is uninformative about the magnitude of the true treatment
effect. For this reason, we turn our focus to the MMI policy, and a comparison between the first-best
MMI policy and PZ-policy is more instructive.

While both approaches assign treatment based on CATE bounds, they differ in two aspects. First
is the construction of the bounds: MMI policy uses the MSM framework, whereas the PZ-policy
employs an IV approach. Second, and more importantly, the two policies differ in how they apply
decision rules to these bounds. The first-best MMI policy is more conservative and follows a strict
criterion: treatment is assigned only when the lower bound of the CATE exceeds zero. In contrast,
the PZ-policy adopts a three-case decision rule: it treats if the lower bound is positive, withholds
if the upper bound is negative, and, when the bounds straddle zero, treats if the upper bound has a
larger absolute value than the lower bound. This contrast highlights why our MMI policy is more
conservative: it avoids intervention in the presence of ambiguity, whereas the PZ-policy allows for
treatment under uncertainty (see Fig. 1).

τ−
Λ

τ−Λ +τ+Λ
2

τ+
Λ

0

MMI (π = 0) PZ (π = 1)

(a) When τ−
Λ < 0 < 1

2 (τ
+
Λ + τ−

Λ ), the PZ policy
recommends treatment (π = 1), while the MMI
policy recommends no treatment (π = 0).

τ−
Λ

τ−Λ +τ+Λ
2

τ+
Λ

0

MMI (π = 0) PZ (π = 0)

(b) When 1
2 (τ

+
Λ + τ−

Λ ) < 0, both the PZ and
MMI policies recommends no treatment (π = 0).

Figure 1: Comparison of the MMI and PZ decision rules when applied to a given ambiguous CATE
interval [τ−

Λ , τ+
Λ ].

3.2 Doubly/Locally Robust Scores

To effectively learn the confounding-robust policy, it is essential to estimate the entire worst-case
welfare function with minimal estimation error. To facilitate the use of modern ML methods, we
derive doubly robust scores for the worst-case criteria, WΛ(π) and ∆Λ(π), such that the estimation
of nuisance parameters has no first-order influence on the resulting policy evaluation. For notational
convenience, we may write π(a|x) = aπ(x) + (1 − a) (1 − π(x)), which compactly represents
the probability that treatment a ∈ {0, 1} is assigned under policy π given covariate x.
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Doubly Robust Score for WΛ(π)

We begin by presenting the doubly robust score for estimating WΛ(π). As shown in Theorem 3.1,
this naturally leads to the following moment condition:

E
[
µ−

Λ(X, 1)π(1|X) + µ−
Λ(X, 0)π(0|X)

]
− WΛ(π) = 0.

For t ∈ {0, 1}, let

gt
(
z; e, q−Λ

)
= y1{a = t}

[
1 +

1 − et(x)
et(x)

Λ−sgn
(

y−q−Λ(x,t)
)]

.

Using explicit expressions for µ±
Λ given in Proposition A.1, the moment condition above can be

rewritten as

E

 ∑
t∈{0,1}

gt
(
Z; e, q−Λ

)
π(t|X)

− WΛ(π) = 0. (3.1)

Here, WΛ(π) is the parameter of interest, while e(·) and q−Λ(·, ·) are two unknown nuisance param-
eters that can be estimated using ML/nonparametric methods.

A plug-in estimator for WΛ(π) can be constructed by substituting estimates into the score
function gt(Z; ·) and averaging over the sample, yielding n−1 ∑n

i=1 ∑t∈{0,1} gt
(
Zi; ê, q̂−Λ

)
π(t|Xi).

However, this plug-in estimator is sensitive to estimators of the nominal propensity score and the
quantile functions, and may suffer from severe bias. This motivates the doubly robust estimator
proposed in this section.

Following Chernozhukov et al. (2018, 2022), we construct the doubly robust score for WΛ(π)
as follows:

ϕ−
t

(
z; e, q−Λ , ρ−1,Λ, ρ−0,Λ

)
= y1{a = t}

[
1 +

1 − et(x)
et(x)

Λ−sgn
(

y−q−Λ(x,t)
)]

+ q−Λ(x, t)1{a = t}1 − et(x)
et(x)

(
Λ − Λ−1

) [ 1
1 + Λ

− 1
{

y < q−Λ(x, t)
}]

− 1
et(x)

[
Λρ−1,Λ(x, t) + Λ−1ρ−0,Λ(x, t)

]
[1{a = t} − et(x)] ,

(3.2)
where

ρ±1,Λ(x, t) = E
[
Y1
{

Y < q±Λ(X, A)
}
|X = x, A = t

]
,

ρ±0,Λ(x, t) = E
[
Y1
{

Y > q±Λ(X, A)
}
|X = x, A = t

]
.

(3.3)

Let ηW,Λ =
(

e, q−Λ , ρ−1,Λ, ρ−0,Λ

)
denote the tuple of nauisance functions, the doubly robust score for

WΛ(π) is given by
ψW (z, π; ηW,Λ) = ∑

t∈{0,1}
ϕ−

t (z; ηW,Λ)π(t|x).

The following Proposition 3.1 establishes the Neyman orthogonality for the moment condition.
Moreover, the function ψW(z, π; ηW,Λ)− WΛ(π) serves as the efficient influence function for es-
timating WΛ(π).

Proposition 3.1. Under Assumption 2.1, for any policy π ∈ Π, the score function ψW satisfies:

(1) E [ψW (Z, π; ηW,Λ)] = WΛ(π).

(2) For any η̃W,Λ = (ẽ, q̃−Λ , ρ̃−1,Λ, ρ̃−0,Λ) with ẽ : X → (0, 1), q̃−Λ : X × {0, 1} → R, and
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ρ̃−1,Λ, ρ̃−0,Λ : X × {0, 1} → R, the pathwise (or Gateaux) derivative satisfies

d
dr

E [ψW (Z, π; ηW,Λ + r (η̃W,Λ − ηW,Λ))]r=0 = 0.

Remark 3.2. The framework of Kallus and Zhou (2021) relies on estimating the nominal propensity
score at the parametric rate of OP(n−1/2) to achieve an n−1/2 regret bound. However, this rate
can only be attained under correct model specification, ruling out the use of machine learning and
nonparametric methods. In contrast, our framework allows for the nuisance components to be esti-
mated at a slower rate of oP(n−1/4), enabling the use of data-adaptive, model-agnostic estimation
techniques.

Doubly Robust Score for ∆Λ(π)

We then construct the doubly robust score of ∆Λ(π). Theorem 3.2 implies the moment condition
as follows:

E
[
τ−

Λ (X)π(X)
]
− ∆Λ(π) = 0.

Let η∆,Λ =
(

e, q±Λ , ρ±1,Λ, ρ±0,Λ

)
denote the tuple of nuisance parameters. The doubly robust score

for ∆Λ(π) can be constructed as

ψ∆ (z, π; η∆,Λ) = π(x)
[
ϕ−

1

(
z; e, q−Λ , ρ−1,Λ, ρ−0,Λ

)
− ϕ+

0

(
z; e, q+Λ , ρ+1,Λ, ρ+0,Λ

)]
,

where

ϕ+
t

(
z; e, q+Λ , ρ+1,Λ, ρ+0,Λ

)
= y1{a = t}

[
1 +

1 − et(x)
et(x)

Λsgn
(

y−q+Λ(x,t)
)]

− q+Λ(x, t)1{a = t}1 − et(x)
et(x)

(
Λ − Λ−1

) [ Λ
1 + Λ

− 1
{

y < q+Λ(x, t)
}]

− 1
et(x)

[
Λ−1ρ+1,Λ(x, t) + Λρ+0,Λ(x, t)

]
[1{a = t} − et(x)] .

(3.4)
We summarize several crucial properties of ψ∆ in the following proposition.

Proposition 3.2. Under Assumption 2.1, for any policy π ∈ Π, the score function ψ∆ satisfies:

(1) E [ψ∆ (Z, π; η∆,Λ)] = ∆Λ(π).

(2) For any η̃∆,Λ =
(

ẽ, q̃±Λ , ρ̃±1,Λ, ρ̃±0,Λ

)
with ẽ : X → (0, 1), q̃±Λ : X × {0, 1} → R, and

ρ̃±1,Λ, ρ̃±0,Λ : X × {0, 1} → R, the pathwise (or Gateaux) derivative satisfies

d
dr

E [ψ∆ (Z, π; η + r (η̃∆,Λ − η∆,Λ))]r=0 = 0.

Remark 3.3. The efficient influence functions for WΛ(π) and ∆Λ(π) are given by ψW(Z, π; ηW,Λ)−
WΛ(π) and ψ∆(Z, π; η∆,Λ)− ∆Λ(π), respectively; see Newey (1994).

4 Algorithm and Performance Guarantees
In this section, we focus on the algorithms for estimating the MMW and MMI policies, as defined
in Section 2.2. Let π̂W,Λ and π̂∆,Λ denote the estimated MMW and MMI policies, respectively.
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We also provide theoretical guarantees for these estimated policies in the form of upper bounds
on their associated regrets. Specifically, we derive asymptotic upper bounds on the CRW-regret
RegW (π̂W,Λ) and the CRI-regret Reg∆ (π̂∆,Λ), as defined in Eq. (2.7) and Eq. (2.9).

4.1 Algorithm

We estimate the MMW and MMI policies using a two-stage procedure: (1) estimation of the robust
criterion, either WΛ(π) or ∆Λ(π), using K-fold cross-fitting; and (2) policy optimization based on
the estimated objective.

Given the doubly robust scores in Section 3.2, we first estimate e(·), q±Λ(·, ·) and ρ±t,Λ(·, ·) for
t ∈ {0, 1}. To this end, we divide the sample into K evenly-sized folds ∪K

k=1Ik. For each fold
k ∈ [K], we estimate e, q±Λ and ρ±t,Λ using the rest K − 1 folds, and denote the resulting estimates by

η̂−k
W,Λ =

(
ê−k, q−,−k

Λ , ρ−,−k
1,Λ , ρ−,−k

0,Λ

)
and η̂−k

∆,Λ =
(

ê−k, q±,−k
Λ , ρ±,−k

1,Λ , ρ±,−k
0,Λ

)
.

Using these estimates, we construct the cross-fitted estimator for WΛ(π) and ∆Λ(π) as

ŴΛ,n(π) =
1
n

K

∑
k=1

∑
i∈Ik

ψW

(
Zi, π; η̂−k

W,Λ

)
and ∆̂Λ,n(π) =

1
n

K

∑
k=1

∑
i∈Ik

ψ∆

(
Zi, π; η̂−k

∆,Λ

)
. (4.1)

The final policy is selected from a pre-specified policy class Πn by maximizing the estimated ob-
jective, either ŴΛ,n(π) or ∆̂Λ,n(π). The complete procedures for estimating the MMW and MMI
policies are summarized in Algorithm 1 and Algorithm 2, respectively.

Algorithm 1 Max-Min Welfare (MMW) Policy Learning

1: Input: Sample {Yi, Xi, Ai}n
i=1, sensitivity parameter Λ ≥ 1, and a policy class Πn

2: Choose K ∈ N+, and partition the sample into K equally sized folds ∪K
k=1Ik

3: for each k = 1, . . . , K do
4: Fit estimators for ηW,Λ =

(
e, q−Λ , ρ−1,Λ, ρ−0,Λ

)
using the rest K − 1 folds, I c

k ≡ [n]\Ik, denoted

by η̂−k
W,Λ.

5: end for
6: Estimate WΛ(π) as

ŴΛ,n(π) =
1
n

K

∑
k=1

∑
i∈Ik

ψW

(
Zi, π; η̂−k

W,Λ

)
.

7: Return π̂W,Λ = argmaxπ∈Πn
ŴΛ,n(π).
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Algorithm 2 Max-Min Improvement (MMI) Policy Learning

1: Input: Sample {Yi, Xi, Ai}n
i=1, sensitivity parameter Λ ≥ 1, and a policy class Πn

2: Choose K ∈ N+, and partition the sample into K equally sized folds ∪K
k=1Ik

3: for each k = 1, . . . , K do
4: Fit estimators for η∆,Λ =

(
e, q±Λ , ρ±1,Λ, ρ±0,Λ

)
using the rest K − 1 folds, I c

k ≡ [n]\Ik, denoted

by η̂−k
∆,Λ.

5: end for
6: Estimate ∆Λ(π) as

∆̂Λ,n(π) =
1
n

K

∑
k=1

∑
i∈Ik

ψ∆

(
Zi, π; η̂−k

∆,Λ

)
. (4.2)

7: Return π̂∆,Λ = argmaxπ∈Πn
∆̂Λ,n(π).

4.2 Assumptions about the Policy Class

In policy design, it is crucial to account for multiple constraints, including budget, simplicity, inter-
pretability, and functional form. Statistically speaking, to achieve regret bounds that decay at the
rate of n−1/2, one must control the complexity of the policy class. In the remainder of the paper,
we allow the policy class Π ≡ Πn to vary with n. Consequently, we restrict Πn to be VC-subgraph
class; see Vaart and Wellner (1996); Giné and Nickl (2021) for further details.

Assumption 4.1. The policy class Πn is VC-subrgaph with VC dimension satisfying VC(Πn) ≤
nζΠ , where 0 < ζΠ < 1

2 .

Remark 4.1. In the statistical learning literature, VC(Πn) is often referred to as the pseudo-dimension,
which generalizes the classical Vapnik–Chervonenkis (VC) dimension from binary-valued function
classes to real-valued ones; see Anthony and Bartlett (2009); Bartlett et al. (2019). For binary-valued
function classes, the VC dimension and pseudo-dimension are identical. In this work, we do not dis-
tinguish between the classical VC dimension and the pseudo-dimension, and refer to both simply as
the VC dimension.

Various machine learning models can be used as policy classes. Below, we present several ex-
amples of such models along with their corresponding VC dimensions, covering both deterministic
and randomized policy classes.

Example 3 (Linear Policies). The class of (deterministic) linear policies is defined as

Πn =
{

1{T(x)′β > 0} : β ∈ Rdn
}

,

where T(x) ∈ Rdn denotes a vector of transformed covariates constructed from the raw features X
using basis expansions such as polynomial terms, B-splines, or interaction terms. The VC dimension
of linear policy class Πn is given by dn + 1.

Example 4 (Decision Trees). A decision tree is a classifier π : X → {0, 1} that recursively
partitions the feature space X into disjoint rectangular regions, assigning a label to each partition.
The class of depth-L decision trees in Rd has VC dimension bounded on the order of O

(
2L log d

)
.

Next, we provide several examples of randomized policy classes.

Example 5 (Neural Networks). Deep neural networks have achieved remarkable success in solv-
ing complex classification and regression problems. Formally, a neural network defines a class of
functions mapping from X to R. Such networks can be employed to represent both deterministic
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and randomized policy classes. Formally, neural networks model the relationship between inputs
and outputs through layers of interconnected computational units (neurons), inspired by biological
neural systems. The class of networks with L layers, p parameters and a piecewise linear activation
function has a VC dimension bounded on the order of O (Lp log p); see Bartlett et al. (2019).

Example 6 (Logistic Policies). The class of logistic policies is defined as

Πn =
{

σ
(
T(x)′β

)
: β ∈ Rdn

}
,

where σ is standard logistic function and T(x) denotes a transformation of covariates x as in Ex-
ample 3. It is noted that σ is strictly increasing, and Πn = σ ◦ {T(x)′β : β ∈ Rdn}. As a result,
Theorem 2.6.18 in Vaart and Wellner (1996) implies VC(Πn) = dn + 1.

4.3 Nuisance Estimators and Uniform Coupling

In this section, we present a key lemma demonstrating that the estimation error of the nuisance
parameters becomes asymptotically negligible when the objective functions WΛ(·) and ∆Λ(·) are
estimated using the doubly robust score with cross-fitting.

Assumption 4.2. Suppose that Y and q±Λ(X, a), for a ∈ {0, 1} have finite second moments; that is,

E|Y|2 < ∞ and E
∣∣q±Λ(X, a)

∣∣2 < ∞.

Assumption 4.3. There exist κ ∈ (0, 1/2) such that the nominal propensity score satisfies e(x) ∈
(κ, 1 − κ) for all x ∈ X .

Assumption 4.2 is straightforward to verify.Assumption 4.3 is the standard strict overlap con-
dition in the literature, which is essential for establishing the asymptotical regret upper bounds.
Moreover, we adopt an agnostic stance on how the nuisance components, ê, q̂Λ and ρ̂t,Λ, are esti-
mated. Rather than specifying particular estimation procedures, we impose high-level assumptions
on their convergence ratio, as stated below.

Assumption 4.4. Suppose we have uniformly consistent estimators of the nuisance parameters such
that

sup
x

|ê (x)− e(x)| , sup
x,a

∣∣q̂±Λ(x, a)− q±Λ(x, a)
∣∣ , sup

x,a,t

∣∣∣ρ̂±t,Λ(x, a)− ρ±t,Λ(x, a)
∣∣∣ P−→ 0.

Furthermore, there exist constants ζe, ζq, ζρ ≥ 1/2 and a sequence b(n) = o(1) such that

E
[
|ê (Xi)− e(Xi)|2

]
≤ b(n)

nζe
, E

[∣∣q̂±Λ(Xi, Ai)− q±Λ(Xi, Ai)
∣∣2] ≤ b(n)

nζq
,

E

[∣∣∣ρ̂±t,Λ(Xi, Ai)− ρ±t,Λ(Xi, Ai)
∣∣∣2] ≤ b(n)

nζρ
.

Remark 4.2. The regression and quantile functions, e(x) and q±(x, a) can be estimated using kernel
and seive methods; see (Li and Racine, 2007; Chen, 2007; Belloni et al., 2019). Recent advances
have widely adopted machine learning methods for estimating nuisance parameters, with desirable
asymptotic properties well established in the literature; see, e.g., Lasso-based approaches (Belloni
and Chernozhukov, 2011; Belloni et al., 2014, 2017) and deep neural network estimators (Schmidt-
Hieber, 2020; Farrell et al., 2021; Kohler and Langer, 2021; Padilla et al., 2022). For estimating
ρ±t,Λ, which corresponds to the conditional value at risk (CVaR) or expected shortfall, a variety of
methods have been developed, including kernel, local linear, and deep neural network approaches;
see (Fissler et al., 2023; Olma, 2021; Yu et al., 2025).
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The use of doubly robust scores combined with cross-fitting ensures that errors from nuisance
parameter estimation become asymptotically negligible for policy learning, provided VC(Πn) does
not grow too quickly with n. To formalize this, suppose the true nuisance functions ηW,Λ and η∆,Λ
defined in Section 3.2 are known, the oracle estimators for WΛ(π) and ∆Λ(π) are give by

WΛ,n(π) =
1
n

n

∑
i=1

ψW (Zi, π; ηW,Λ) ,

∆Λ,n(π) =
1
n

n

∑
i=1

ψ∆ (Zi, π; η∆,Λ) .

We conclude this subsection by demonstrating that ŴΛ,n(π) is a valid approximation to WΛ,n(π),
and similarly, ∆̂Λ,n(π) approximates ∆Λ,n(π), both with a convergence rate faster than n−1/2.

Lemma 4.1. Under Assumption 4.1, Assumption 4.2, Assumption 4.3 and Assumption 4.4, we have

E

[
sup

π∈Πn

∣∣∣ŴΛ,n(π)− WΛ,n(π)
∣∣∣] = o(n−1/2),

E

[
sup

π∈Πn

∣∣∣∆̂Λ,n(π)− ∆Λ,n(π)
∣∣∣] = o(n−1/2).

4.4 Asymptotic Regret Bounds

In this subsection, we will demonstrate that, under appropriate bounds on potential hidden con-
founding, the CRW-regret and CRI-regret of the learned MMW and MMI policies decay at a rate
that is upper bounded by

√
VC(Πn)/n. Recall that the CRW-regret and CRI-regret of the learned

optimal policies are defined as

RegW (π̂W,n) = sup
π∈Πn

WΛ(π)− WΛ(π̂W,n),

Reg∆ (π̂∆,n) = sup
π∈Πn

∆Λ(π)− ∆Λ(π̂∆,n),

where π̂W,n and π̂∆,n are learned from Algorithm 1 and Algorithm 2.

Theorem 4.1. Under Assumption 2.1, Assumption 4.1, Assumption 4.2, Assumption 4.3 and As-
sumption 4.4, then

E [RegW (π̂W,n)] = O
(√

VC(Πn)/n
)

, (4.3)

E [Reg∆ (π̂∆,n)] = O
(√

VC(Πn)/n
)

. (4.4)

Theorem 4.1 improves upon the result in Kallus and Zhou (2021), where Proposition 6 shows
that estimating the nominal propensity score leads to a regret bound that exceeds the oracle regret
bound (i.e., the regret bound assuming a known nominal propensity score) by an additional term of
the order

1
n

n

∑
i=1

|1/ê (Xi)− 1/e(Xi)| .

With the application of the doubly robust score and cross-fitting, the regrets of the learned MMW and
MMI policies decay at the rate

√
VC(Πn)/n, and the estimation errors of the nuisance parameters

have no asymptotic effect on the regret bound.
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Remark 4.3. Let us analyze Eq. (4.3) in Theorem 4.1 in detail; the analysis of Eq. (4.4) proceeds in
the same fashion. To be more precise, there is a universal constant K > 0 not depending on Λ such
that

lim sup
n→∞

RegW (π̂W,n)√
VC(Πn)/n

≤ KσW(Λ) (4.5)

where σW(Λ)2 = E
∣∣(ϕ−

0 − ϕ−
1
)
(Z, ηW,Λ)

∣∣2, and ϕ−
t for t ∈ {0, 1} are defined in Eq. (3.2).

The asymptotic upper bound given in Eq. (4.5) depends on the universal constant K and a vari-
ance complexity term σW(Λ) that captures the second moments of ϕ−

t (Z, ηW,Λ) for t ∈ {0, 1}. As
shown in the proof of Theorem 4.1, the constant K is universal in the sense that it does not depend
on sample size n, the sensitivity parameter Λ, the nuisance function ηW,Λ, or even the underlying
distribution of Po ∈ P(Λ). The variance complexity term σW(Λ) reflects the level of uncertainty
induced by the unobserved confounding. When Λ = 1, then σ2

W(1) coincides with the semiparamet-
ric efficient variance for the average treatment effect under the selection-on-observables assumption;
see Newey (1994); Robins et al. (1994).

5 Simulation Studies
In this section, we conduct simulation studies to evaluate the performance of the MMW and MMI
policies, which are learned using Algorithm 1 and 2, respectively. To facilitate comparison with the
results in Kallus and Zhou (2021), we use the logistic policies given in Example 6.

5.1 Simulation Design

The data-generating process (DGP) is specified as follows. Let log Λ∗ = 1.5, which implies that the
true sensitivity parameter is Λ∗ = 4.482. The observed covariates X ∈ R2, treatment assignment
A ∈ {0, 1}, and outcome Y ∈ R are generated according to:

X ∼ N (µX , I2), U | X ∼ Bern
(

Λ∗

1 + Λ∗ e(X) +
1

1 + Λ∗
(
1 − e(X)

))
,

A | U, X ∼ Bern

(
e(X)

e(X) + Λ∗(1−2U)
(
1 − e(X)

)) ,

where µX = [−1, 1]′ and I2 ∈ R2×2 is the identity matrix. The nominal propensity score e(X) is
defined as:

e(X) = P(A = 1 | X) = σ
(
ζ(X)′θ

)
, with σ(z) =

1
1 + e−z ,

where the parameter vector θ and the nonlinear feature map ζ(X) are given by

θ = [0.2, 0.4, 0.1,−0.1, 0.5,−0.5] , ζ(X) =

[
max(x1, 0),

x1x2
2

10
, sin(x2

2), x1, x2, 1

]′
.

It can be readily verified that U perturbs the nominal odds ratio e(X)/(1 − e(X)) by a mul-
tiplicative factor of Λ∗±1, ensuring the DGP satisfies the MSM with Λ∗ = 4.482. Finally, the
potential outcome is generated as:

Y(A) = βcons + βA A + X′βX + (A · X)′βX,A + βUU + ϵ, ϵ ∼ N (0, 1),
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where:

βcons = −0.2, βA = −0.1, βX = [1,−1]′, βX,A = [0.2, 0.4]′, βU = 1.5.

We generate i.i.d. samples {Xi, Ai, Ui, Yi(1), Yi(0)}n
i=1 according to the DGP described above,

with n = 2,000. The observed data {Xi, Ai, Yi}n
i=1 are used to learn the policies. The conditional

quantile functions q±Λ∗ are estimated using gradient boosted trees and the nominal propensity score
e and CVaR ρ±t,Λ∗ are estimated using random forests.

We evaluate the performance of estimated policy π̂ using three metrics: (i) the expected welfare,
defined in Eq. (2.2); (ii) the worst-case welfare WΛ(π̂), as given in Theorem 3.1; and (iii) the
worst-case policy improvement ∆Λ(π̂) given in Theorem 3.2. All three metrics are estimated using
sample averages computed on an independent out-of-sample dataset of 100,000 randomly drawn
observations. To assess the stability of our method, we evaluate each metric over 100 repeated
experiments. We report the mean from these repetitions and visualize the variability using shaded
bands that represent the 95% confidence bands, calculated from the standard deviation across the
100 experiments.

5.2 Simulation Analysis

We report the performance of the MMW and MMI policies, as well as the robust IPW-based policy of
Kallus and Zhou (2021) (KZ for short). As a benchmark, we include the policy proposed by Athey
and Wager (2021) (AW), which assumes no unobserved confounding (Λ = 1). To evaluate the
MMW, MMI, and KZ policies, we conduct a sensitivity analysis by varying the sensitivity parameter
over log Λ ∈ {0.1, 0.2, . . . , 3.5}. This assesses their robustness to miscalibration relative to the true
level of unobserved confounding in the true DGP with log Λ∗ = 1.5. By design, the MMW and
MMI policies reduce to the AW policy at the Λ = 1 setting. In contrast, the KZ policy remains
different from AW even when Λ = 1, as its objective function does not include a bias-correction
term for the estimated propensity scores.

Fig. 2a shows how each policy adjusts its treatment probability in response to the assumed level
of unobserved confounding, and helps explain their relative performance in terms of expected wel-
fare, presented in Fig. 2b. The AW policy, assuming no unobserved confounding(Λ = 1), yields
an aggressive strategy, assigning treatment to 95% individuals. In contrast, MMI, MMW and KZ
are sensitivity-aware, adopting a conservative approach that is responsive to Λ. As log Λ increases,
they systematically reduce treatment rates to hedge against selection bias. However, their conser-
vative dynamics differ significantly. The KZ policy is overly conservative, exhibiting a precipitous
drop in assignments due to its reliance on the loose lower bound on policy improvement from Zhao
et al. (2019). In contrast, the MMI policy is precisely conservative; by precisely identifying hetero-
geneous treatment effects, it establishes a sharper bound on policy improvement, leading to a more
calibrated and gradual reduction in treatment. Finally, the MMW policy’s aggressiveness under
high uncertainty is a direct consequence of its decision rule, illustrated in Section 3.2, which favors
treatment whenever µ−

Λ(x, 1) exceeds µ−
Λ(x, 0).

Fig. 2b shows the resulting expected welfare. The MMI policy achieves its peak expected welfare
at log Λ = 1. It outperforms the MMW policy for assumed confounding levels below the true value
of log Λ∗ = 1.5. In regimes of greater assumed uncertainty log Λ > 1.5, however, the MMW
policy’s performance is superior, yielding significantly higher welfare. Their performance crossover
occurs precisely at this true value, confirming their complementary nature. This divergence occurs
because, in high-uncertainty regimes, the MMI policy becomes overly cautious, whereas the MMW
policy adopts a more risk-tolerant strategy.

Finally, Fig. 3a and 3b validate that the observed behaviors are consequences of each policy’s
specific design. As expected, Fig. 3a shows the MMW policy achieving the highest worst-case
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welfare, and Fig. 3b confirms the MMI policy’s success in maximizing the worst-case policy im-
provement. This confirms that each policy effectively optimizes its intended objective, leading to
the distinct and complementary performance profiles we identified.
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Figure 2: Average treatment probability and expected welfare as a function of the sensitivity pa-
rameter log(Λ). The MMI and MMW policies are compared against the KZ and AW benchmarks.
Shaded areas are 95% confidence bands.
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Figure 3: Performance on Intended Objectives. The figures plot (a) the MMW policy’s objective
of worst-case welfare and (b) the MMI policy’s objective of worst-case policy improvement against
log(Λ). Shaded areas denote 95% confidence bands.

6 Empirical Application
In this section, we apply our method to two empirical applications. Section 6.1 revisits the JTPA
study and examines assignment to job training programs, while Section 6.2 explores enrollment
decisions in the Head Start program. In both settings, unobserved confounders likely give rise to
endogenous selection.

6.1 The JTPA Study

We apply the MMW and MMI policy learning methods to the National Job Training Partnership Act
(JTPA) Study, a large-scale randomized controlled trial evaluating training services for disadvan-
taged adults (Bloom et al., 1997). In the experiment, eligibility for services was randomly assigned,
and participants’ earnings were tracked over the 30-month period after the assignment. This dataset
was notably used by Kitagawa and Tetenov (2018) to estimate an intent-to-treat optimal policy for
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9,223 applicants using their Empirical Welfare Maximization (EWM) approach, based on covariates
such as education and prior earnings.

While eligibility was randomly assigned, compliance in the JTPA study was imperfect: approx-
imately 23% of individuals did not adhere to their assigned eligibility status, as shown in Table 1.
This imperfect compliance introduces self-selection into actual participation decisions, raising con-
cerns about unobserved confounding. For instance, eligible individuals who opt into the program
may exhibit stronger job search motivation or face fewer personal constraints, such as childcare re-
sponsibilities, health issues, or transportation barriers, than those who decline participation. These
unobserved factors likely influence both program participation and post-program earnings, violating
the unconfoundedness assumption required by conventional policy learning methods.

Table 1: Joint distribution of eligibility and participation, JTPA study

Eligibility (IV)

Participation (Ai) 0 1 Total

0 3047 2118 5165
1 43 4015 4058

Total 3090 6133 9233

Data source: Kitagawa and Tetenov (2018) and Abadie et al. (2002).

We focus on actual program participation, as the policy-relevant objective is to target individuals
who are most likely to benefit from job training and to allocate participation accordingly. Building
on the perspective of d’Adamo (2021), who frame policy learning as deriving optimal treatment
rules under potential unobserved confounding, we apply the MMW and MMI methods, both of
which are explicitly designed to address such confounding. Unlike d’Adamo (2021), who use a
binary instrumental variable (eligibility) to construct partial identification intervals for the CATE,
we adopt a complementary strategy by employing with a pre-specified sensitivity parameter Λ.

We estimate the optimal MMW and MMI policies using Algorithms 1 and 2, with K = 10 folds
for cross-fitting. The conditional quantile functions q±Λ∗ are estimated using gradient boosted trees,
and the nominal propensity score e and CVaR ρ±t,Λ∗ are estimated using random forests. To account
for program costs, we subtract $1,216 from the outcomes of treated individuals. This amount corre-
sponds to the average cost of services per actual participant, as reported in Table 5 of Bloom et al.
(1997). Following the approach of Kitagawa and Tetenov (2018) and d’Adamo (2021), we consider
the class of quadrant treatment policies due to its simplicity and interpretability:

Π ≡ {1 {s1(edu − t1) > 0, s2(earnings − t2) > 0} : s1, s2 ∈ {−1, 1}, t1, t2 ∈ R} .
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Figure 4: Upper and lower bounds of the CATE under uncertainty levels Λ = 1, 1.5, 2.
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Figure 5: Optimal MMW and MMI quadrant policies under different uncertainty levels: Λ = 1, 1.5,
2. As Λ increases, both policies become more conservative; however, MMI policies reduce treat-
ment sharply, whereas MMW policies decrease treatment more gradually.

Figure 4 presents the estimated upper and lower bounds of the CATE under the MSM framework,
evaluated across different values of the sensitivity parameter Λ ∈ {1, 1.5, 2}. When Λ = 1, the
estimated upper and lower bounds coincide. Choosing a larger value of Λ can yield more robust
policy targeting by ensuring that the identified set contains the true causal effect. However, this
robustness comes at the cost of producing less informative estimates and more conservative policy
intervention. Therefore, we recommend that practitioners examine results across a range of Λ values
to assess the sensitivity of their conclusions to unobserved confounding.

Figure 5 illustrates the estimated optimal quadrant policies for MMW and MMI. When Λ = 1,
both the MMW and MMI policies is exactly the AW policy, but with a treated fraction approaching
one. As sensitivity parameter Λ increases, the MMI policy becomes increasingly conservative, with
the treatment rate dropping rapidly to near zero when Λ ≥ 1.5. In contrast, the MMW policy shows
a more gradual decline in the treatment ratio, which remains relatively high at 0.75 when Λ = 2, and
drops sharply to around 0.05 for Λ ≥ 2.5. The extremely low treatment rates under the MMI policy
arise because the estimated lower bounds of the CATE fall below zero for nearly all individuals when
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Λ ≥ 1.5. Consequently, our subsequent analysis focuses on the MMW policy. When Λ = 1, the
quadrant policy targets individuals with fewer than 17.5 years of education and pre-program earnings
below $40,800. In contrast, at Λ = 2, the MMW quadrant policy assigns treatment to those with at
least 10.5 years of education and earnings below $35,144. As the sensitivity parameter Λ increases,
the estimated MMW policy becomes more selective, prioritizing individuals with higher educational
level and lower earnings.

6.2 The Head Start Program

We further demonstrate our confounding-robust policy learning method by applying it to enrollment
decisions for the Head Start program. The objective is to develop a policy that improves academic
outcomes by targeting admission to children most likely to benefit. This application presents a
multi-valued treatment setting with three alternatives, Head Start, other preschools, or no preschool,
necessitating the use of our MMW approach extended for multiple treatments as detailed in Ap-
pendix B.

Head Start is a federal matching grant initiative designed to foster the cognitive, social, and
health development of children from low-income families, with the aim of preparing them to enter
school on a more equal footing with their more advantaged peers. A substantial body of research
has evaluated the impact of Head Start participation on outcomes such as academic achievement,
physical health, and long-term socioeconomic status; see, e.g., (Currie and Thomas, 1995; Deming,
2009; Ludwig and Miller, 2007; Walters, 2015).

A key challenge in evaluating Head Start’s impact is that enrollment is not randomly assigned.
First, families self-select into Head Start or other preschool programs based on eligibility and per-
ceived benefits. Those who value early education may also make unobserved investments in their
children, such as fostering enriched home environments or providing supplemental learning. Sec-
ond, limited program capacity in many areas gives administrators discretion over admissions, lead-
ing to selection based on both observed and unobserved characteristics, some of which also affect
child outcomes. As a result, failing to account for such confounding can lead to targeting policies
that misidentify the children most likely to benefit.

We draw on data from the National Longitudinal Survey of Youth (NLSY) and its child supple-
ment, the National Longitudinal Survey of Youth 1979 Children and Young Adults (NLSCYA). The
NLSY began in 1979 with a nationally representative sample of young women, and the NLSCYA
has tracked their children since 1986. Our analysis sample is constructed by linking child-level out-
comes from the NLSCYA with maternal background characteristics from the original NLSY cohort.

We use the child’s standardized score on the Peabody Picture Vocabulary Test (PPVT), a widely
used measure of early verbal ability, as a proxy for our policy objective of improving academic
achievement. The pre-treatment covariates used in our analysis capture a range of child, maternal,
and household characteristics. These include: (1) the percentile rank of average net family income
between ages 0 and 4 (Income Pctl); (2) child’s gender; (3) birth weight (Birth Wt); (4) weight at
preschool entry (Preschool Entry Wt); (5) firstborn status; (6) mother’s highest completed grade; (7)
mother’s AFQT percentile score (Mother AFQT); (8) number of the mother’s biological siblings;
(9–10) number of household members with less than 12 years and at least 16 years of education;
and (11) race (White, Hispanic, or Black). After excluding observations with missing data, the
final sample consists of 3,826 children: 755 attended Head Start, 2,020 enrolled in other preschool
programs, and 1,051 did not attend any preschool.

While the full set of pre-treatment covariates is used to estimate doubly robust scores, we restrict
the variables used for policy optimization to a small, interpretable subset: percentile rank of family
income, mother’s AFQT score, birth weight, and weight at preschool entry. These are selected
based on fairness and ethical considerations. To ensure interpretability, we restrict the policy class
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to depth-2 decision trees. Figure 6 shows the estimated policies under four values of the sensitivity
parameter Λ = 1, 2, 3, 4.

The policy tree learned under Λ = 1 serves as our benchmark and exactly replicates the policy
obtained by approaches such as (Athey and Wager, 2021; Zhou et al., 2023), which do not account
for unobserved confounding. An analysis of this benchmark policy reveals several features that
present challenges for direct implementation. First, the policy assigns Head Start to a very lim-
ited subgroup, only 1.23% of the population. Second, it prioritizes children from higher-income
families (albeit with low preschool-entry weight), which deviates from the program’s original mis-
sion of serving economically disadvantaged household. At the same time, the policy assigns the
lowest-income children to either other preschools or no preschool at all. This motivates our subse-
quent sensitivity analysis to assess how the policy recommendations change when accounting for
unobserved confounding.

As the sensitivity parameter Λ increases, the optimal policy undergoes a clear evolution. Ini-
tially, at Λ = 2, the policy is still primarily driven by income, but becomes more stringent by
reducing the Head Start allocation to just 0.78% of the sample. A more dramatic structural break
occurs at Λ = 3, where the model abandons income-based logic in favor of health indicators, such
as birth weight. The policy under Λ = 4 advocates for a targeted intervention for a clearly defined
disadvantaged group while adopting a conservative, non-interventionist stance for the majority.

Figure 6: This figure presents a sensitivity analysis of the robust policy under varying assumptions
about unobserved confounding. As Λ increase, the primary decision criteria shift from economic
factors to health indicators, and finally to maternal AFQT scores.

7 Concluding Remarks
Formulating effective policies from observational data is challenged by unobserved confounding,
which can lead to biased and potentially harmful policy intervention. This paper proposes a robust
and efficient framework for policy learning that explicitly accounts for such endogeneity. Our con-
tributions are twofold: first, we derive sharp, closed-form identification results for robust welfare
criteria under the Marginal Sensitivity Model; second, we develop doubly robust scores for their
estimation. This innovation enables the use of flexible machine learning methods for nuisance es-
timation within our framework. Building on these components, we establish regret bounds for the
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resulting confounding-robust policies.
Our work also offers insights into the practical challenges of applying policy learning methods.

While powerful, ML-based approaches that optimize a single objective can yield policies that are
difficult to trust and interpret, particularly when built on fragile assumptions. Our work underscores
that sensitivity analysis is a critical step for examining a policy’s foundational reliability.

Finally, several directions remain open for future research. First, while our framework primarily
focuses on binary treatments, extending it to multivalued or continuous treatments is a promising
direction that would broaden its applicability and introduce new methodological challenges. Second,
the choice of the sensitivity parameter Λ remains an important yet unresolved issue. Although we
suggest that practitioners may specify Λ based on domain knowledge, this approach is inherently ad
hoc. While Hsu and Small (2013) offers some guidance, the development of systematic, data-driven
methods for selecting Λ remains a key avenue for future investigation.
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A Identification Results under MSM
In this section, we present partial identification results for the conditional mean and CATE under
the MSM, drawing primarily from (Dorn and Guo, 2023; Oprescu et al., 2023; Dorn et al., 2025).
Recall that µo(x, a) = EPo [Y(a)|X = x] denote the conditional mean of the potential outcome,
and the true CATE is defined as τo(x) = µo(x, 1)− µo(x, 0).

To formally characterize partial identification, we describe the identified sets of these functions
under distributional uncertainty, where the true counterfactual distribution may deviate within an
uncertainty set P(Λ). For any distribution Q ∈ P(Λ), define µQ(x, a) = EQ[Y(a)|X = x] and
τQ(x) = µQ(x, 1) − µQ(x, 0), which represent the conditional mean and CATE under Q. The
identified sets for these functions are then

Θµ,Λ(x, a) ≡
{

µQ(x, a) : Q ∈ P(Λ)
}

,

Θτ,Λ(x) ≡
{

τQ(x) : Q ∈ P(Λ)
}

,

for any x ∈ X and a ∈ {0, 1}. When Λ = 1, the uncertainty set P(Λ) collapses to a single-
ton, implying point identification: µo(x, a) and τo(x) are uniquely determined by Θµ,Λ(x, a) and
Θτ,Λ(x).

For general Λ, let µ±
Λ(x, a) denote the endpoints of Θµ,Λ(x, a), i.e.,

µ−
Λ(x, a) = inf

Q∈P(Λ)
µQ(x, a) and µ+

Λ(x, a) = sup
Q∈P(Λ)

µQ(x, a).

The following Propositions A.1 and A.2 provide sharp upper and lower bounds for both Θµ,Λ(x, a)
and Θτ,Λ(x).

Proposition A.1. Under Assumption 2.1, there are distributions P±
µ,a ∈ P(Λ) such that µP+

µ,a
(x, a) =

µ+
Λ(x, a) and µP−

µ,a
(x, a) = µ−

Λ(x, a), almost surely. In particular, these sharp bounds can be ex-
pressed as:

µ±
Λ(x, a) = E

[
Y1{A = a}

[
1 +

1 − ea(X)

ea(X)
Λ±sgn(Y−q±Λ(X,a))

] ∣∣∣X = x
]

, (A.1)

where sgn(t) = 1 if t ≥ 0 and −1 otherwise.

We next characterize the upper and lower bounds for Θτ,Λ(x). Specifically, the endpoints of
Θτ,Λ(x) are defined as

τ−
Λ (x) = inf

Q∈P(Λ)
τQ(x) and τ+

Λ (x) = sup
Q∈P(Λ)

τQ(x).

The following result, Proposition A.2, builds on Proposition A.1.

Proposition A.2. Under Assumption 2.1, there are distributions P±
τ ∈ P(Λ) such that µP+

τ
(x) =

τ+
Λ (x) and τP−

τ
(x) = τ−

Λ (x), almost surely. Moreover, the sharp bounds for the CATE satisfy:

τ±
Λ (x) = µ±

Λ(x, 1)− µ∓
Λ(x, 0). (A.2)

We illustrate the intuition behind Proposition A.1. Suppose we had oracle access to the true
propensity score eo(X, U). Under Assumption 2.1, the true conditional mean µo(x, a) would then
be point-identified via IPW:

µo(x, a) = EPo

[
Y1{A = a}

aeo(X, U) + (1 − a) (1 − eo(X, U))

∣∣∣X = x
]

,
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However, when Λ > 1, the true propensity score eo(X, U) is no longer identifiable. Instead, As-
sumption 2.1 restricts eo(X, U) to an uncertainty set, which in turn induces a partially identified set
for µo(x, a). Specifically, the uncertainty set consists of all random variables E that satisfy both the
sensitivity restriction and the usual balancing constraints:

Λ−1 ≤ E/(1 − E)
e(X)/ (1 − e(X))

≤ Λ, (A.3)

E [A/E|X] = E [(1 − A)/(1 − E)|X] = 1. (A.4)

Formally, we define
E(Λ) = {E : Eq. (A.3) and Eq. (A.4) hold a.s.} .

Given this uncertainty set, the identified set Θµ,Λ(x, a) can be equivalently expressed as:

Θµ,Λ(x, a) =
{

E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

: E ∈ E(Λ)

}
.

For completeness, the formal proofs of Propositions A.1 and A.2 are provided in Appendix C for
interested readers.

Remark A.1. Our Propositions A.1 and A.2 extend the pointwise identification results of Dorn and
Guo (2023); Oprescu et al. (2023) to a uniform setting, ensuring that the identified bounds hold
simultaneously for almost all x and a. Such uniform bounds are crucial for policy evaluation and
learning under the MSM. First, computing the robust criteria WΛ(π) and ∆Λ(π) involves integra-
tion over the covariate and treatment spaces, which requires uniformly valid bounds on Θµ(x, a)
and Θτ(x). Second, the closed-form sharp bounds enable the construction of orthogonal moments
for the efficient estimation of WΛ(π) and ∆Λ(π). As shown by Kallus and Zhou (2021), the policy
improvement guarantee can be severely biased by the slow convergence of propensity score esti-
mation; by leveraging our identification results, this bias can be mitigated via orthogonal moments,
yielding

√
n-consistent estimates of WΛ(·) and ∆Λ(·).

Remark A.2. Kallus and Zhou (2021), building on Zhao et al. (2019), constructs an uncertainty
set for the putative propensity scores by imposing unconditional balancing constraints, specifically
E[A/E] = E[(1 − A)/(1 − E)] = 1. In contrast, our uncertainty set E(Λ) incorporates the con-
ditional balancing constraints defined in Eq. (A.4), which are strictly stronger than those employed
in Kallus and Zhou (2021). According to Dorn and Guo (2023), such conditional balancing con-
straints are necessary for obtaining sharp bounds on the CATE, as established in Proposition A.2.
Consequently, the policy learned in Kallus and Zhou (2021) is more conservative than our MMI
policy.

B Extending MMW Policy to Multi-Valued Treatments
This section extends our max-min welfare (MMW) policy learning approach to the multi-valued
treatment setting, providing theoretical justification for its application in Section 6.2. Our identi-
fication here is constructive, directly informing a procedure for estimating the lower bound of the
worst-case welfare function. This, in turn, allows for policy optimization using a method directly
analogous to that in Algorithm 1. As these procedures and the corresponding doubly robust estima-
tion closely follow the binary treatment case, we omit a detailed discussion here.

The identification results, including sharp upper and lower bounds for conditional mean out-
comes and a lower bound for the worst-case welfare function, are established in Appendix B.1.
Detailed proofs are presented in Appendix D.
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We first extend the MSM framework to the setting where the treatment variable A takes more
than two values. Let A denote the set of d possible treatment levels: A = {a1, . . . , ad}. Define the
true and nominal propensity scores, respectively, as eo,a(x, u) = PPo [A = a|X = x, U = u] and
ea(x) = PPo [A = a|X = x] for a ∈ A.

Assumption B.1. Suppose there exists a vector of unobserved confounders U ∈ Rk such that

(Y(a1), Y(a2), . . . , Y(ad)) |= A | (X, U) .

The distribution of (X, Y(a1), Y(a2), . . . , Y(ad), A, U) satisfies the selection bias condition with
1 ≤ Λ < ∞ if the following inequality holds Po-almost surely,

1
Λ

≤ eo,a(x, u)/ (1 − eo,a(x, u))
ea(x)/ (1 − ea(x))

≤ Λ for a ∈ A. (B.1)

Assumption B.1 naturally induces a distributional uncertainty set over the counterfactual distri-
bution of (X, Y(a1), Y(a2), . . . , Y(ad), A, U). Formally, let PM denote the set of all probability
distributions Q on X × Rd ×A× Rk that satisfy:

(1) If (X, Y(a1), Y(a2), . . . , Y(ad), A, U) ∼ Q, then (Y(a1), Y(a2), . . . , Y(ad)) |= A | (X, U)
under Q;

(2) If Y = Y(A), then the distribution of (X, Y, A) under Q coincides with the observed-data
distribution P;

(3) For all a ∈ A, the odds ratio between the true propensity score and the nominal propensity
score lies in [1/Λ, Λ], i.e.,

1
Λ

≤
P(A = a|X, U)/

(
1 − P(A = a|X, U)

)
P(A = a|X)/

(
1 − P(A = a|X)

) ≤ Λ, Q-a.s.

B.1 Identifying the Worst-Case Welfare Function

For any (x, a) ∈ X × A, let µQ(x, a) = EQ[Y(a)|X = x] denote the conditional mean under
counterfactual distribution Q. The identified set for µo(x, a) = EPo [Y(a)|X = x] is formally given
by

ΘM,µ(x, a) ≡
{

µQ(x, a) : Q ∈ PM
}

.

Let µ±(x, a) denote the endpoints of ΘM,µ(x, a), i.e.,

µ−(x, a) = inf
Q∈PM

µQ(x, a) and µ+(x, a) = sup
Q∈PM

µQ(x, a).

The following Proposition B.1 establishes the sharp upper and lower bounds for the identified set
ΘM,µ(x, a).

Proposition B.1. Under Assumption B.1, there exists distributions P±
µ,a ∈ PM such that µP+

µ,a
(x, a) =

µ+(x, a) and µP−
µ,a
(x, a) = µ−(x, a) for almost all (x, a) ∈ X ×A, respectively. In particular, the

sharp bounds admit the closed-form representation:

µ±(x, a) = E

[
Y1{A = a}

[
1 +

1 − ea(X)

ea(X)
Λ±sgn(Y−q±(X,a))

] ∣∣∣X = x
]

. (B.2)

In the multi-valued treatment setting, a policy is a mapping from the input space X to a decision
a ∈ A. A randomized policy can be represented as a function from X to the probability simplex
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∆(A) over the action space A. In contrast, a deterministic policy is a function π : X → {0, 1}d,
where the output indicates a deterministic choice among d possible actions.

The worst-case welfare function W(π) introduced in Section 2.2 can be naturally extended to
the multi-valued treatment setting:

W(π) = inf
Q∈PM

EQ [Y(π(X))] = inf
Q∈PM

EQ

[
∑

a∈A
Y(a)πa(X)

]
,

Let ΠM denote the set of multi-valued policies specified by the policy maker. The corresponding
max-min welfare (MMW) policy is obtained by solving maxπ∈ΠM W(π). The following theorem
characterizes a lower bound for W(π).

Theorem B.1. Under Assumption B.1, for any policy π ∈ ΠM,

W(π) ≥ E

[
∑

a∈A
µ−(X, a)πa(X)

]
.

Remark B.1. Whether the lower bound for W(π) in Theorem B.1 is sharp remains an open ques-
tion. While sharp lower bounds for µo(x, a) are available for any fixed (x, a), identifying a single
distribution that simultaneously attains these bounds for all (x, a) may be challenging and lies be-
yond the scope of this study.

C Proofs for Results in the Main Text
Since the sensitivity parameter Λ is treated as fixed throughout, we omit the subscript Λ for nota-
tional simplicity. For instance, we may write P ≡ P(Λ), µ+(x, a) ≡ µ+

Λ(x, a) and ρ−(x, a) ≡
ρ−Λ(x, a). This convention will be used throughout the remainder of the appendix.

C.1 Proof of Proposition A.1

Proof of Proposition A.1. Step 1. Preliminary Results. We begin by showing that for any (x, a) ∈
X × {0, 1}, the partially identified set Θµ(x, a) is an interval whose endpoints solve the following
optimization problems:

µ+(x, a) = sup
E∈E

E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

,

µ−(x, a) = inf
E∈E

E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

.
(C.1)

We focus on verifying the result for µ+(x, a); the argument for µ−(x, a) is analogous and omitted
for brevity.

By Proposition 1B of Dorn and Guo (2023), for any random variable E defined on the same
probability space as (X, Y, A) and satisfying E [1{A = a}/ (aE + (1 − a)(1 − E)) |X] = 1, we
can construct a distribution Q ∈ P such that

EQ [Y(a)|X = x] = EQ

[
Y1{A = a}

PQ(A = a|X, U)

∣∣∣X = x
]
= E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

.

(C.2)
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Thus,

µ+(x, a) = sup
Q∈P

EQ [Y(a)|X = x] ≥ E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

.

Since this inequality holds for any E satisfying the balancing condition, it holds in particular for the
supremum over all such E.

Conversely, for any Q ∈ P ,

EQ [Y(a)|X = x] =EQ

[
Y1{A = a}

PQ(A = a|X, U)

∣∣∣X = x
]

=EQ

[
Y1{A = a}E

[
1

PQ(A = a|X, U)

∣∣∣X, Y, A = a
] ∣∣∣X = x

]
.

Define eQ(X, Y, A) = 1/E
[
1/PQ(A = a|X, U)|X, Y, A

]
, and introduce a random variable E on

the same probability space P such that AE + (1 − A)(1 − E) = eQ(X, Y, A). It is straightforward
to verify that E ∈ E and

EQ [Y(a)|X = x] = E

[
Y1{A = a}
eQ(X, Y, a)

∣∣∣X = x
]
= E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

.

Thus,

EQ [Y(a)|X = x] ≤ sup
E∈E

E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

.

Since Q is arbitrary, the inequality continues to hold after taking the supremum over Q ∈ P .
Finally, the proof that the partially identified set Θµ(x, a) forms an interval follows the same

argument as in Dorn and Guo (2023).
Step 2. The Closed-form Expression. For a ∈ {0, 1}, define E±

a by

1
aE±

a + (1 − a)(1 − E±
a )

= 1 +
1 − ea(X)

ea(X)
Λ±sgn(Y−q±(X,a)). (C.3)

It is straightforward to verify that E±
a ∈ E , and thus E±

a is feasible for Eq. (C.1). For any (x, a) ∈
X × 0, 1 and E ∈ E , we have

E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

=q+(x, a)E
[

1{A = a}
aE + (1 − a)(1 − E)

∣∣∣X = x
]
+ E

[
(Y − q+(X, a))1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]

≤q+(x, a)E
[

1{A = a}
aE+

a + (1 − a)(1 − E+
a )

∣∣∣X = x
]
+ E

[
(Y − q+(X, a))1{A = a}

aE+
a + (1 − a)(1 − E+

a )

∣∣∣X = x
]

=E

[
Y1{A = a}

aE+
a + (1 − a)(1 − E+

a )

∣∣∣X = x
]

,

where the inequality follows because 1/ (aE+
a + (1 − a)(1 − E+

a )) attains the maximum (mini-
mum) allowable value when (Y − q+(X, a))1{A = a} is positive (negative). By a similar argu-
ment, we can show that for any (x, a) ∈ X × {0, 1} and E ∈ E ,

E

[
Y1{A = a}

aE + (1 − a)(1 − E)

∣∣∣X = x
]
≥ E

[
Y1{A = a}

aE−
a + (1 − a)(1 − E−

a )

∣∣∣X = x
]

.

Since E is arbitrary, this completes the proof.
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Step 3. The Existence of Counterfactual Distribution. Eqs. (C.1) and (C.3) together imply that
random variables E±

a ∈ E satisfy

µ+(x, a) = E

[
Y1{A = a}

aE+
a + (1 − a)(1 − E+

a )

∣∣∣X = x
]

,

µ−(x, a) = E

[
Y1{A = a}

aE−
a + (1 − a)(1 − E−

a )

∣∣∣X = x
]

,

in (x, a) ∈ X × {0, 1} almost surely. By Proposition 1B in Dorn and Guo (2023) and Eq. (C.2), we
conclude that there exist distributions P±

µ,a ∈ P such that µP+
µ,a
(x, a) = µ+(x, a) and µP−

µ,a
(x, a) =

µ−(x, a) in (x, a) ∈ X × {0, 1} almost surely.

C.2 Proof of Proposition A.2

Proof of Proposition A.2. We complete the proof by constructing a data-compatible distribution in
P that simultaneously attains µ+(x, 1) and µ−(x, 0). Similar arguments can be applied to derive
the lower bound, which we omit for brevity.

Define E+
τ = AE+

1 + (1 − A)E−
0 . It is straightforward to verify that E+

τ ∈ E . Applying
Proposition A.1 and similar arguments as C.4.2 in Dorn and Guo (2023), it is straightforward to
construct the distribution P+

τ ∈ P such that

EP+
τ
[Y(1)− Y(0)|X = x] = E

[
YA
E+

τ

∣∣∣X = x
]
− E

[
Y(1 − A)

E+
τ

∣∣∣X = x
]
= µ+(x, 1)− µ−(x, 0)

in x ∈ X almost surely. Since

τ+(x) = sup
Q∈P

EQ [Y(1)− Y(0)|X = x]

≤ sup
Q∈P

EQ [Y(1)|X = x]− inf
Q∈P

EQ [Y(0)|X = x]

=µ+(x, 1)− µ−(x, 0),

in x ∈ X almost surely. We conclude that τ+(x) = µ+(x, 1) − µ−(x, 0) in x ∈ X almost
surely.

C.3 Proof of Theorem 3.1

Proof of Theorem 3.1. Notice that

inf
Q∈P

EQ[Y(π(X))] = inf
Q∈P

{
E
[
π(X)µQ(X, 1)

]
+ E

[
(1 − π(X))µQ(X, 0)

]}
≥ inf

Q∈P
E
[
π(X)µQ(X, 1)

]
+ inf

Q∈P
E
[
(1 − π(X))µQ(X, 0)

]
.

Then we will show that inf and expectation operators are exchangeable. On one hand, for any
distribution Q ∈ P ,

E
[
π(X)µQ(X, 1)

]
≥ E

[
π(X) inf

Q∈P
µQ(X, 1)

]
.

Since Q is arbitrary, the inequality continues to hold after taking the infimum over P on both sides.
For the other side, Proposition A.1 has shown that there exists a distribution P−

µ,1 ∈ P satisfying
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µ−(x, 1) = µP−
µ,1
(x, 1) for any x ∈ X . Thus,

inf
Q∈P

E
[
π(X)µQ(X, 1)

]
≤ E

[
π(X)µP−

µ,1
(X, 1)

]
= E

[
π(X)µ−(X, 1)

]
= E

[
π(X) inf

Q∈P
µQ(X, 1)

]
.

Combining the results above, we can conclude that

inf
Q∈P

E
[
π(X)µQ(X, 1)

]
= E

[
π(X) inf

Q∈P
µQ(X, 1)

]
.

Similar arguments can be applied to derive that

inf
Q∈P

E
[
(1 − π(X))µQ(X, 0)

]
= E

[
(1 − π(X)) inf

Q∈P
µQ(X, 0)

]
.

Define E− = AE−
1 + (1 − A)E−

0 satisfying E− ∈ E . Applying Proposition A.1 and similar
arguments as C.4.3 in Dorn and Guo (2023), we can construct the distribution P− fulfilling

EP− [Y(1)|X = x] = E

[
YA
E−

∣∣∣X = x
]
= µ−(x, 1)

and

EP− [Y(0)|X = x] = E

[
Y(1 − A)

E−

∣∣∣X = x
]
= µ−(x, 0).

which imply that

EP− [Y(π(X))] = E
[
π(X)µ−(X, 1) + (1 − π(X))µ−(X, 0)

]
.

Thus, we conclude that

inf
Q∈P

EQ[Y(π(X))] ≤ EP− [Y(π(X))]

=E
[
π(X)µ−(X, 1) + (1 − π(X))µ−(X, 0)

]
=E

[
π(X) inf

Q∈P
µQ(X, 1)

]
+ E

[
(1 − π(X)) inf

Q∈P
µQ(X, 0)

]
.

Results above together indicate that

inf
Q∈P

EQ[Y(π(X))] =E

[
π(X) inf

Q∈P
µQ(X, 1)

]
+ E

[
(1 − π(X)) inf

Q∈P
µQ(X, 0)

]
=E

[
π(X)

(
µ−(X, 1)− µ−(X, 0)

) ]
+ E[µ−(X, 0)],

which completes the proof.

C.4 Proof of Theorem 3.2

Proof of Theorem 3.2. Applying similar arguments as the proof of Theorem 3.1, we have that

inf
Q∈P

E
[
τQ(X)π(X)

]
= E

[
inf

Q∈P
τQ(X)π(X)

]
= E

[
τ−(X)π(X)

]
. (C.4)

According to Eq. (C.4), the first-best policy is given by π⋆
∆(x) = 1{τ−(x) > 0}.
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C.5 Proof of Proposition 3.1

Recall that
ψW (z, π; ηW) = ∑

t∈{0,1}
ϕ−

t (z; ηW)π(t|x),

where ηW =
(
e, q−, ρ−1 , ρ−0

)
, ϕ−

t (z; ηW) are defined in Eq. (3.2), and the functions ρ±1 (x, t) and
ρ±0 (x, t) are defined in Eq. (3.3).

Proof of Proposition 3.1. Step 1. The proof of part (1) follows directly from Theorem 3.1, together
with the following derivation:

E

[
1{A = t}

(
1

1 + Λ
− 1

{
Y < q−(X, t)

}) ∣∣∣X] = E[1{A = t} − et(X)|X] = 0. (C.5)

Step 2. To show part (2), given the linearity of pathwise derivative, it suffices to show the pathwise
derivative of r 7→ E [ψW(Z, π; ηW,Λ + rη̄)] = 0 for all perturbation directions η̄ varying only in
the components corresponding to e, q−, ρ−1 and ρ−0 , respectively. We only show that

d
dr

E
[
ψW

(
Z, π; q− + r(q̃− − q−)

)]
r=0 = 0, (C.6)

for any q̃− belonging to some small neighborhood of q−. The derivations of the pathwise derivatives
with respect to the perturbation directions in e, ρ−1 and ρ−0 are analogous and thus omitted for brevity.
Notice that

d
dr

E
[
ψW

(
Z, π; q− + rh

)]
= ∑

t∈{0,1}

d
dr

E
[
ϕ−

t
(
Z; q− + r(q̃− − q−)

)
π(t|X)

]
.

To derive Eq. (C.6), it suffices to show that

d
dr

E
[
ϕ−

1
(
Z; q− + r

(
q̃− − q−

))
π(t|X)

] ∣∣∣
r=0

= 0,

for all t ∈ {0, 1}. By Eq. (C.5), we have

d
dr

E
[
ϕ−

1
(
Z; e, q− + r

(
q̃− − q−

)
, ρ−1 , ρ−0

)
π(X)

]
r=0

=
d
dr

E

[
YA
(

1 +
1 − e(X)

e(X)
Λ−sgn

(
Y−q−(X,1)−r(q̃−(X,1)−q−(X,1))

))] ∣∣∣
r=0

+
d
dr

E

[
q−(X, 1)A

1 − e(X)

e(X)

(
Λ − Λ−1

)( 1
1 + Λ

− 1
{

Y < q−(X, 1) + r
(
q̃−(X, 1)− q−(X, 1)

)})]
r=0

Let IIA.1 and IIA.2 denote the two summands in the expression above. It is not difficult to verify that

IIA.1 =
d
dr

E

[
YA

1 − e(X)

e(X)

(
Λ − Λ−1

)
1
{

Y < q−(X, 1) + r
(
q̃−(X, 1)− q−(X, 1)

)}]
r=0

= E

[
q−(X, 1)

1 − e(X)

e(X)

(
Λ − Λ−1

)
fY
(
q−(X, 1)|X, 1

) (
q̃−(X, 1)− q−(X, 1)

)]
= IIA.2,

which implies that the pathwise derivative with respect to q− is zero. This concludes the proof of
Part (2).
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C.6 Proof of Proposition 3.2

Proof of Proposition 3.2. The proof is identical to that of Proposition 3.1 and is omitted here.

C.7 Proof of Lemma 4.1

Proof of Lemma 4.1. We focus on deriving the result for Ŵn(π)−Wn(π); the argument for ∆̂n(π)−
∆n(π) is similar and omitted for brevity. Notice that

Ŵn(π)− Wn(π) =
1
n

K

∑
k=1

∑
i∈Ik

π(Xi)
(

ϕ−
1

(
Zi; η̂−k

W

)
− ϕ−

1 (Zi; ηW)
)

− 1
n

K

∑
k=1

∑
i∈Ik

(1 − π(Xi))
(

ϕ−
0

(
Zi; η̂−k

W

)
− ϕ−

0 (Zi; ηW)
)

.

We bound the first term at the right-hand-side. The analysis of the second term is similar and omitted.
To simplify notation, we suppress the superscript −k of the nuisance estimators, e.g., η̂W = η̂−k

W .
By definition,

1
n

K

∑
k=1

∑
i∈Ik

π(Xi)
(
ϕ−

1 (Zi; η̂W)− ϕ−
1 (Zi; ηW)

)
=

1
n

K

∑
k=1

∑
i∈Ik

π(Xi)Yi Ai

(
1 − ê(Xi)

ê(Xi)
Λ−sgn

(
Yi−q̂−(Xi ,1)

)
− 1 − e(Xi)

e(Xi)
Λ−sgn

(
Yi−q−(Xi ,1)

))

+
Λ − Λ−1

n

K

∑
k=1

∑
i∈Ik

π(Xi)Ai

(
1

1 + Λ
− 1

{
Yi < q̂−(Xi, 1)

})(
q̂−(Xi, 1)

1 − ê(Xi)

ê(Xi)
− q−(Xi, 1)

1 − e(Xi)

e(Xi)

)

−Λ − Λ−1

n

K

∑
k=1

∑
i∈Ik

π(Xi)Aiq−(Xi, 1)
1 − e(Xi)

e(Xi)

(
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})
− 1

n

K

∑
k=1

∑
i∈Ik

π(Xi)Ai

(
Λρ̂−1 (Xi, 1) + Λ−1ρ̂−0 (Xi, 1)

)( 1
ê(Xi)

− 1
e(Xi)

)

− 1
n

K

∑
k=1

∑
i∈Ik

π(Xi)
Ai − e(Xi)

e(Xi)

[
Λ
(
ρ̂−1 (Xi, 1)− ρ−1 (Xi, 1)

)
+ Λ−1 (ρ̂−0 (Xi, 1)− ρ−0 (Xi, 1)

)]
.

Denote these five summands by Dj(π) for 1 ≤ j ≤ 5.
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First term. To bound the first term, it is useful to separate the contributions of each of the K
folds:

D1,k(π) =
1
n ∑

i∈Ik

π(Xi)Yi Ai

(
1 − ê(Xi)

ê(Xi)
Λ−sgn

(
Yi−q̂−(Xi ,1)

)
− 1 − e(Xi)

e(Xi)
Λ−sgn

(
Yi−q−(Xi ,1)

))
=

1
n ∑

i∈Ik

π(Xi)Yi AiΛ
−sgn

(
Yi−q−(Xi ,1)

) (
1

ê(Xi)
− 1

e(Xi)

)

+
Λ − Λ−1

n ∑
i∈Ik

π(Xi)Yi Ai
1 − e(Xi)

e(Xi)

(
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})
+

Λ − Λ−1

n ∑
i∈Ik

π(Xi)Yi Ai

(
1

ê(Xi)
− 1

e(Xi)

) (
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})
=D(1)

1,k (π) + D(2)
1,k (π) + D(3)

1,k (π).

We can use the Cauchy-Schwartz inequality to verify that

sup
π∈Πn

∣∣∣D(3)
1,k (π)

∣∣∣ ≤ (Λ − Λ−1
)√√√√ 1

n ∑
i∈Ik

Y2
i

(
1

ê(Xi)
− 1

e(Xi)

)2

×
√

1
n ∑

i∈Ik

(1 {Yi < q̂−(Xi, 1)} − 1 {Yi < q−(Xi, 1)})2

=OP

(
b(n)

n(ζe+ζq)/2

)
= OP

(
n−1/2

)
,

where the first equality holds by Markov’s inequality, Assumption 4.2 and Assumption 4.4. Then,
uniformly over π ∈ Πn,

D1,k(π) = D(1)
1,k (π) + D(2)

1,k (π) + OP

(
n−1/2

)
.

Second term. For bounding the second term, we still separate out the contributions of the K
different folds. After applying similar arguments as the proceeding one, we obtain that uniformly
over π ∈ Πn,

D2,k(π) = D̃2,k(π) + OP

(
n−1/2

)
, (C.7)

where

D̃2,k(π) =
Λ − Λ−1

n ∑
i∈Ik

π(Xi)Ai

(
1

1 + Λ
− 1

{
Yi < q−(Xi, 1)

})
×
(

q̂−(Xi, 1)
1 − ê(Xi)

ê(Xi)
− q−(Xi, 1)

1 − e(Xi)

e(Xi)

)
.

Since q̂− and ê were computed using data {Zi}i∈I c
k
, one has

E
[

D̃2,k(π)
∣∣∣q̂−, ê

]
= 0.

By Assumption 4.4, we have that uniformly over i,∣∣∣∣q̂−(Xi, 1)
1 − ê(Xi)

ê(Xi)
− q−(Xi, 1)

1 − e(Xi)

e(Xi)

∣∣∣∣ ≤ 1

36



with probability approaching to 1. So the individual summands in D̃2,k(π) are all ν-sub Gaussian
with probability approaching to 1. Define

V̂2,k =
Λ

(1 + Λ)2 E

[
e(Xi)

(
q̂−(Xi, 1)

1 − ê(Xi)

ê(Xi)
− q−(Xi, 1)

1 − e(Xi)

e(Xi)

)2 ∣∣∣q̂−, ê

]
.

We can apply Corollary 3 in Athey and Wager (2021) to establish that

E

[
sup

π∈Πn

∣∣∣D̃2,k(π)
∣∣∣ ∣∣∣q̂−, ê

]
=E

[
sup

π∈Πn

∣∣∣D̃2,k(π)− E
[

D̃2,k(π)
∣∣∣q̂−, ê

]∣∣∣ ∣∣∣∣∣q̂−, ê

]

=O

√VC(Πn)
V̂2,k

n

 .

(C.8)

Assumption 4.4, an application of Jensen’s inequality and Eqs. (C.7) and (C.8) result that

E

[
sup

π∈Πn

|D2(π)|
]
= O

√VC(Πn)
b(n)

n1+min{ζe ,ζq}

 .

Third term. Denote

D3,k(π) = −Λ − Λ−1

n ∑
i∈Ik

π(Xi)Aiq−(Xi, 1)
1 − e(Xi)

e(Xi)

(
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})
.

as the k-th fold in D3(π). Then

D(2)
1,k (π) + D3,k(π)

=
Λ − Λ−1

n ∑
i∈Ik

π(Xi)Ai
1 − e(Xi)

e(Xi)

(
Yi − q−(Xi, 1)

) (
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})
.

Define

V̂3,k = E

[
Ai

(
Yi − q−(Xi, 1)

)2 (
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})2
∣∣∣q̂−] ,

and it can be bounded as follows:

E
[
V̂3,k

]
=E

[
e(Xi)E

[(
Yi − q−(Xi, 1)

)2 (
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})2
∣∣∣Xi, Ai = 1, q̂−

]]
.

Notice that

E

[(
Yi − q−(Xi, 1)

)2 (
1
{

Yi < q̂−(Xi, 1)
}
− 1

{
Yi < q−(Xi, 1)

})2
∣∣∣Xi, Ai = 1, q̂−

]
=
∫ q−(Xi ,1)

q̂−(Xi ,1)

(
y − q−(Xi, 1)

)2
dFYi

(
y
∣∣∣Xi, Ai = 1, q̂−

)
+
∫ q̂−(Xi ,1)

q−(Xi ,1)

(
y − q−(Xi, 1)

)2
dFYi

(
y
∣∣∣Xi, Ai = 1, q̂−

)
=OP

((
q̂−(Xi, 1)− q−(Xi, 1)

)3
)

,

37



where the last equality follows by the mean value theorem. Hence, by Assumption 4.4,

E
[
V̂3,k

]
= O

(
b(n)

n3ζq/2

)
.

After applying a similar argument as the proof of D̃2,k(π), we have that for any k,

E

[
sup

π∈Πn

∣∣∣D(2)
1,k (π) + D3,k(π)− E

[
D(2)

1,k (π) + D3,k(π)
∣∣∣q̂−]∣∣∣ ∣∣∣∣∣q̂−

]
= O

√VC(Πn)
b(n)

n1+3ζq/2

 .

(C.9)
By Assumption 4.3, π(Xi)

(
1 − e(Xi)

)
/e(Xi) is bounded uniformly over i and π. Thus,

E
[

D(2)
1,k (π) + D3,k(π)

∣∣∣q̂−]
≤Λ − Λ−1

K
1 − κ

κ
E
[

Ai

∣∣∣Yi − q−(Xi, 1)
∣∣∣ ∣∣1 {Yi < q̂−(Xi, 1)

}
− 1

{
Yi < q−(Xi, 1)

}∣∣ ∣∣∣q̂−]
=O

(
b(n)
nζq

)
(C.10)

uniformly over π ∈ Πn. Applying Jensen’s inequality, triangle inequality, and Eqs. (C.9) and (C.10)
yield

E

[
sup

π∈Πn

∣∣∣D(2)
1 (π) + D3(π)

∣∣∣] = O

√VC(Πn)
b(n)

n1+3ζq/2 +
b(n)
nζq

 .

Fourth term. Define the k-th fold of D4(π) as

D4,k(π) = − 1
n ∑

i∈Ik

π(Xi)Ai

(
Λρ̂−1 (Xi, 1) + Λ−1ρ̂−0 (Xi, 1)

)( 1
ê(Xi)

− 1
e(Xi)

)
.

Applying similar arguments as the proceeding one, we can derive that

D4,k(π) = D̃4,k(π) + OP

(
n−1/2

)
uniformly over π ∈ Πn, where

D̃4,k(π) = − 1
n ∑

i∈Ik

π(Xi)Ai

(
Λρ−1 (Xi, 1) + Λ−1ρ−0 (Xi, 1)

)( 1
ê(Xi)

− 1
e(Xi)

)
.

Then we consider

D(1)
1,k (π) + D̃4,k(π)

=
1
n ∑

i∈Ik

π(Xi)Ai

(
YiΛ

−sgn
(

Yi−q−(Xi ,1)
)
− Λρ−1 (Xi, 1)− Λ−1ρ−0 (Xi, 1)

)(
1

ê(Xi)
− 1

e(Xi)

)
.

It is not difficult to verify that

E
[

D(1)
1,k (π) + D̃4,k(π)

∣∣∣ê] = 0,
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because

E

[
YiΛ

−sgn
(

Yi−q−(Xi ,1)
)
− Λρ−1 (Xi, 1)− Λ−1ρ−0 (Xi, 1)

∣∣∣Xi, Ai = 1, ê
]
= 0.

Similar arguments are used to show that

E

[
sup

π∈Πn

∣∣∣D(1)
1 (π) + D4(π)

∣∣∣] = O

(√
VC(Πn)

b(n)
n1+ζe

)
.

Fifth term. Recall that E
[

Ai − e(Xi)
∣∣∣Xi, ρ̂−1 , ρ̂−0

]
= 0. Applying a similar argument to bound

the fourth term, we can similarly bound the fifth term as follows:

E

[
sup

π∈Πn

|D5(π)|
]
= O

√VC(Πn)
b(n)
n1+ζρ

 .

Wrapping Up Lemma 4.1. Combining five terms above with Assumption 4.1 and Assump-
tion 4.4 gives

E

[
sup

π∈Πn

∣∣∣∣∣ 1n K

∑
k=1

∑
i∈Ik

π(Xi)
(
ϕ−

1 (Zi; η̂W)− ϕ−
1 (Zi; ηW)

)∣∣∣∣∣
]

=O

(√
VC(Πn)b (n)

n1+min{ζρ ,ζq ,ζe}

)
+ O

(
b(n)
nζq

)
=o(n−1/2).

C.8 Proof of Theorem 4.1

Proof of Theorem 4.1. We prove Eq. (4.3); the proof of Eq. (4.4) follows by a similar argument and
is omitted here for brevity.

Suppose πW,n ∈ argmaxπ∈Πn
Wn(π). Otherwise, the proof can be modified by incorporating

an ε-approximate optimizer argument. By the definitions of πW,n and π̂W,n and Assumption 4.4, it
follows that for any π ∈ Πn:

W(π)− W(π̂W,n) = W(π)− Wn(π) + Wn(π)− Wn(πW,n)︸ ︷︷ ︸
≤0

+Wn(πW,n)− Ŵn(πW,n)︸ ︷︷ ︸
=oP(n−1/2)

+ Ŵn(πW,n)− Ŵn(π̂W,n)︸ ︷︷ ︸
≤0

+ Ŵn(π̂W,n)− Wn(π̂W,n)︸ ︷︷ ︸
oP(n−1/2)

+Wn(π̂W,n)− W(π̂W,n)

≤ W(π)− Wn(π) + Wn(π̂W,n)− W(π̂W,n) + rn

≤ 2 sup
π∈Πn

|W(π)− Wn(π)|+ rn

where rn = oP(n−1/2) and
√

nE|rn| = o(1). For notational simplicity, we write

ψW,π : z 7→ ψW(z, π; ηW).
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Thus, for all π ∈ Πn:

W(π)− W(π̂W,n) ≤ 2 sup
π∈Πn

|Wn(π)− W(π)|+ rn

= 2 sup
π∈Πn

|(En − E)ψW,π |+ rn.
(C.11)

Without loss of generality, suppose that there exists π∗
W,n ∈ Πn such that W(π∗

W,n) = maxπ∈Πn W(π).
If no such π∗

W,n exists, the proof can be adapted using an ε-approximate optimizer, where ε → 0.
Substituting π∗

W,n into the preceding expression yields

0 ≤ RegW(π̂W,n) = W(π∗
W,n)− W(π̂W,n) ≤ 2 sup

π∈Πn

|(En − E)ψW,π |+ rn.

Define Fn = {ψW,π : π ∈ Πn}. To complete the proof, it suffices to show the empirical
process term decaying at rate

√
VC(Πn)/n, i.e.,

sup
ψ∈Fn

|(En − E)ψ| = sup
π∈Πn

|(En − E)ψW,π | = OP

(√
VC(Πn)/n

)
. (C.12)

We show Eq. (C.12) using a similar argument in Theorem 2.14.1 in Vaart and Wellner (1996), while
allowing the function class Fn to vary with n.

Step 1. Envelope function for Fn. As a first step for upper bounding supψ∈Fn
|(En − E)ψ|,

we construct an envelope function for the function class Fn. Under Assumption 4.3, we have the
following bound:

E|Y|2 = ∑
a∈{0,1}

∫
E
[
Y2|X = x, A = a

]
ea(x)dFX|A(x|a)

≥ κ
∫

E
[
Y2|X = x, A = a

]
dFX|A(x|a),

where FX|A(x|a) denote the conditional distribution of X given A = a. Now, for any fixed Λ ∈
[1, ∞) and j, a ∈ {0, 1}, applying Jensen’s inequality along with the inequality above yields:

E
∣∣ρ−j,Λ(X, a)

∣∣2 ≤ E

∣∣∣E [Y2|X, A = a
]∣∣∣2 =

∫
E
[
Y2|X = x, A = a

]
dFX|A=a(x)

≤ E|Y|2/κ.

As a result, the functions e(x), q−(x, a), ρ−1 (x, a), and ρ−0 (x, a) are all square-integrable, and hence
ϕ−

t (z; ηW) defined in Eq. (3.2) for t ∈ {0, 1} is also square-integrable by Minkowski inequality.
The function F(·) ≡

∣∣ϕ−
0 (·; ηW)

∣∣+ ∣∣ϕ−
1 (·; ηW)

∣∣ is an envelop function for Fn satisfying |ψ| ≤ F
for all ψ ∈ Fn and ∥F∥P,2 < ∞.

Step 2. Uniformly entropy bound. Second, we derive a uniform upper bound on the covering
number of Fn for all n. Lemma A.1 in supplement of Kitagawa and Tetenov (2018) implies that
VC(Fn) ≤ VC(Πn). By Theorem 2.6.7 in Vaart and Wellner (1996), there is a universal K > 0
such that for all n, the following inequality holds

sup
Q

log N
(

ϵ∥F∥Q,2,Fn, L2(Q)
)
≤ KVC(Fn) log ϵ−1, ∀0 < ϵ < 1,

where the supremum is taken over all discrete probability measures Q with ∥F∥Q,2 > 0. As a
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consequence, the uniform entropy can be upper bounded by:

sup
Q

∫ 1

0

√
1 + log N

(
ϵ∥F∥Q,2,Fn, L2(Q)

)
dϵ ≤ 1 +

√
K(1 +

√
π/2)

√
VC(Πn).

It is important to note that the universal constant K is independent of the function class Fn; see
Theorem 2.6.4 and 2.6.7 in Vaart and Wellner (1996) for details.

Step 3. Bounding the supremum of the symmetrized process. Given the sample {Zi}n
i=1,

define the symmetrized empirical process {Go
n f : f ∈ Fn} as

Go
n : f 7→ 1√

n

n

∑
i=1

εi f (Zi),

where the εi are independent Rademacher random variables such that εi = ±1 with probability 1/2
each. Moreover, let ϕ(x) = ex2 − 1 and the conditional Orlicz norm on Fn is defined as

∥Go
n f ∥ϕ,n = inf {c > 0 : E [ϕ (|Go

n f |/c) |{Zi}n
i=1] ≤ 1} .

For more details of Orlicz norm, see in Chapter 2.2 in Vaart and Wellner (1996).
Conditionally on {Zi}n

i=1, the process Go
n is sub-Gaussian for the L2(Pn)-seminorm ∥ · ∥n by

Hoeffding’s inequality. Formally, for any f , g ∈ Fn,

∥Go
n f − Go

ng∥ϕ,n ≤ ∥ f − g∥n ≡
√

1
n

n

∑
i=1

| f (Zi)− g(Zi)|2.

The value ηn = sup f∈Fn
∥ f ∥n is an upper bound for the radius of Fn ∪ {0} with respect to this

norm. The maximal inequality Theorem 2.2.4 in Vaart and Wellner (1996) gives∥∥∥∥∥ sup
f∈Fn

|Go
n f |
∥∥∥∥∥

ϕ,n

≤ Kϕ

∫ ηn

0

√
1 + log N (ϵ,Fn, L2(Pn))dϵ

≤ Kϕ∥F∥n

∫ 1

0

√
1 + log N (ϵ∥F∥n,Fn, L2(Pn))dϵ.

where Kϕ is a universal constant only depending on the function ϕ; see Theorem 2.2.4 in Vaart and
Wellner (1996) for more details. By Problem 2.2.5 in Vaart and Wellner (1996), we have

E

[
sup
f∈Fn

|Go
n f |2

∣∣∣{Zi}n
i=1

]
≤ 4 log 2

∥∥∥∥∥ sup
f∈Fn

|Go
n f |
∥∥∥∥∥

2

ϕ,n

.

Consequently, applying Jensen’s inequality gives that there is a constant K > 0 not depending on n
such that for all n ∈ N+,

E

[
sup
f∈Fn

|Go
n f |
∣∣∣{Zi}n

i=1

]
≤ K∥F∥n

∫ 1

0

√
1 + log N (ϵ∥F∥n,Fn, L2(Pn))dϵ

≤ K∥F∥n sup
Q

∫ 1

0

√
1 + log N

(
ϵ∥F∥Q,2,Fn, L2(Q)

)
dϵ

≤ K∥F∥n

√
VC(Πn),
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where K > 0 is a constant independent of n. Taking expectation on both hand sides and applying
Lemma 2.3.1 in Vaart and Wellner (1996) gives

E

[
sup

ψ∈Fn

|(En − E)ψ|
]
≤ 2n−1/2E

[
sup
f∈Fn

|Go
n f |
]

≲
√

VC(Πn)/nE

√
1
n

n

∑
i=1

|F(Zi)|2

≤ ∥F∥P,2

√
VC(Πn)/n,

where the last step follows from Jensen’s inequality. The desired result follows.

D Proofs for the Identification under Multi-Valued Treatment
Before presenting the formal proofs of Proposition B.1 and Theorem B.1, we first establish a more
general result that extends Proposition 1B of Dorn and Guo (2023) to the multi-valued treatment
setting. As shown below, Proposition B.1 follows as a direct corollary of Lemma D.1.

Lemma D.1. For any a ∈ A and any random variable E ∈ (0, 1) satisfying

E [1{A = a}/E|X = x] = 1,

and

(ea(X) + [1 − ea(X)] /Λ)1{A = a}
ea(X)

≤ 1{A = a}
E

≤ (ea(X) + [1 − ea(X)]Λ)1{A = a}
ea(X)

,

(D.1)
we can construct random variables (X, Y(a1), Y(a2), . . . , Y(ad), A, U) defined on the same proba-
bility space as (X, Y, A, E) and an associated putative propensity score ea(x, u) = P[A = a|X =
x, U = u] such that

(1) Y = ∑d
j=1 1{A = aj}Y(aj).

(2) (Y(a1), Y(a2), . . . , Y(ad)) |= A | (X, U) and

ea(X)/ (ea(X) + [1 − ea(X)]Λ) ≤ ea(X, U) ≤ ea(X)/ (ea(X) + [1 − ea(X)] /Λ) .

(3) 1{A = a}/ea(X, U) = 1{A = a}/E.

Proof of Lemma D.1. Define the following conditional distribution functions:

F(y|x, a) = P(Y ≤ y|X = x, A = a),

G(y|x, a, e) = P(Y ≤ y|X = x, A = a, E = e),

H(e|x, a) = P(E ≤ e|X = x, A = a),

Ka(u|x) =
∫ u

−∞

ea(x)
1 − ea(x)

1 − e
e

dH(e|x, a).

Given E [1{A = a}/E | X = x] = 1, Ka(u|x) is a valid CDF for any x ∈ X and a ∈ A. For
simplicity, we provide the construction for a = a1; identical arguments apply to other treatments.
Let V, Va1 , Va2 , . . . , Vad be i.i.d. Uniform[0, 1] random variables, independent of (X, Y, A, E). We
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construct Y(a1), Y(a2), . . . , Y(ad) and U as:

Y(a1) = 1{A = a1}Y + 1{A ̸= a1}G−1(Va1 |X, a1, U),

Y(aj) = 1{A ̸= aj}F−1(Vaj |X, aj) + 1{A = aj}Y for j ∈ {2, 3, . . . , d},

U = 1{A = a1}E + 1{A ̸= a1}K−1
a1

(V|X).

We verify that the constructed random variables satisfy the three required properties. Property (1)
follows directly from the construction. We now proceed to examine the remaining properties. To
verify property (2), we consider the following derivation. Conditional on X, U, A = a1, we have

P(Y(a1) ≤ y1, Y(a2) ≤ y2, . . . , Y(ad) ≤ yd|X, U, A = a1)

=P
(

Y ≤ y1, F−1(Va2 |X, a2) ≤ y2, . . . , F−1(Vad |X, ad) ≤ yd|X, U, A = a1

)
=P (Y ≤ y1|X, U, A = a1)

d

∏
j=2

P
(

F−1(Vaj |X, aj) ≤ yj|X, U, A = a1

)
=G(y1|X, a1, U)

d

∏
j=2

F(yj|X, aj).

Conditional on X, U, A = aj for j ̸= 1, we have

P(Y(a1) ≤ y1, Y(a2) ≤ y2, . . . , Y(ad) ≤ yd|X, U, A = aj)

=P
(

G−1(Va1 |X, a1, U) ≤ y1, F−1(Va2 |X, a2) ≤ y2, . . . , Y ≤ yj, . . . , F−1(Vad |X, ad) ≤ yd|X, U, A = aj

)
=P

(
G−1(Va1 |X, a1, U) ≤ y1|X, U, A = aj

) d

∏
ℓ=2,ℓ ̸=j

P
(

F−1(Vaℓ |X, aℓ) ≤ yℓ|X, U, A = aℓ
)

× P
(
Y ≤ yj|X, U, A = aj

)
=G(y1|X, a1, U)

d

∏
ℓ=2,ℓ ̸=j

F(yℓ|X, aℓ)× P
(

Y ≤ yj|X, K−1(V|X), A = aj

)
=G(y1|X, a1, U)

d

∏
j=2

F(yj|X, aj),

Combining two expression above gives (Y(a1), Y(a2), . . . , Y(ad)) |= A | (X, U). By Bayes’ rule,

ea1(x, u) =ea1(x)
dP(u|X = x, A = a1)

dP(u|X = x)

=ea1(x)
dP(u|X = x, A = a1)/dH(u|x, a1)

dP(u|X = x)/dH(u|x, a1)

=
ea1(x)

ea1(x) +
ea1 (x)

1−ea1 (x)
1−u

u (1 − ea1(x))

=u.

Since the support of Ka1(·|x) is contained in that of H(·|x, a1), Eq. (D.1) implies

ea1(X)/ (ea1(X) + [1 − ea1(X)]Λ) ≤ U ≤ ea1(X)/ (ea1(X) + [1 − ea1(X)] /Λ) a.s.
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Finally, property (3) is also easy to verify. The event 1{A = a1} implies U = E, so

1{A = a1}/ea1(X, U) = 1{A = a1}/U = 1{A = a1}/E.

Proof of Proposition B.1. The proof follows directly from that of Lemma D.1, using a similar argu-
ment as in Proposition A.1, and is therefore omitted for brevity.

We now turn to proof Theorem B.1.

Proof of Theorem B.1. According to Proposition B.1, for any Q ∈ PM and (x, a) ∈ X × A, we
have

µQ(x, a) ≥ inf
Q∈PM

µQ(x, a) = µ−(x, a).

It follows that

E

[
∑

a∈A
µQ(X, a)πa(X)

]
≥ E

[
∑

a∈A
µ−(X, a)πa(X)

]
Since Q ∈ PM is arbitrary, the inequality remains valid after taking the infimum over Q ∈ PM on
both sides. Therefore, we conclude that

W(π) = inf
Q∈PM

EQ

[
∑

a∈A
Y(a)πa(X)

]
= inf

Q∈PM
E

[
∑

a∈A
µQ(X, a)πa(X)

]

≥ E

[
∑

a∈A
µ−(X, a)πa(X)

]
.
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